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Optimizing Initial State of Detector Sensors in Quantum Sensor Networks

CAITAO ZHAN and HIMANSHU GUPTA, Department of Computer Science, Stony Brook University, USA
MARK HILLERY, Department of Physics and Astronomy, Hunter College of the City University of New York, USA

In this paper, we consider a network of quantum sensors, where each sensor is a qubit detector that “fires,” i.e., its state changes when
an event occurs close by. The change in state due to the firing of a detector is given by a unitary operator, which is the same for
all sensors in the network. Such a network of detectors can be used to localize an event, using a protocol to determine the firing
sensor, presumably the one closest to the event. The determination of the firing sensor can be posed as a Quantum State Discrimination
problem, which incurs a probability of error depending on the initial state and the measurement operators used.

In this paper, we address the problem of determining the optimal initial global state of a network of detectors that incur a minimum
probability of error in determining the firing sensor. For this problem, we derive necessary and sufficient conditions for the existence
of an initial state that allows for perfect discrimination, i.e., zero probability of error. Using insights from this result, we derive a
conjectured optimal solution for the initial state, provide a pathway to prove the conjecture, and validate the conjecture empirically

using multiple search heuristics that seem to perform near-optimally.
CCS Concepts: « Theory of computation — Quantum information theory.

Additional Key Words and Phrases: Quantum Sensor Network, Quantum State Discrimination, Initial State Optimization, Heuristic
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1 INTRODUCTION

Quantum sensors, being strongly sensitive to external disturbances, can measure various physical phenomena with
extreme sensitivity. These quantum sensors interact with the environment and have the environment phenomenon or
parameters encoded in their state, which can then be measured. Thus, quantum sensors can facilitate several applications,
including gravitational wave detection, astronomical observations, atomic clocks, biological probing, target detection,
etc. [30]. A study [2] has shown the advantages of microwave quantum radar in the detection of a target placed in a
noisy environment by exploiting quantum correlations between two modes, probe and idler. Estimation of a single
continuous parameter by quantum sensors can be further enhanced by using a group of entangled sensors, improving
the standard deviation of measurement by a factor of 1/ VN for N sensors [18]. Generally, a network of sensors can
facilitate spatially distributed sensing; e.g., a fixed transmitter’s signal observed from different locations facilitates

localization via triangulation. Thus, as in the case of classical wireless sensor networks, it is natural to deploy a network

Authors’ addresses: Caitao Zhan, cbzhan@cs.stonybrook.edu; Himanshu Gupta, hgupta@cs.stonybrook.edu, Department of Computer Science, Stony
Brook University, Stony Brook, NY, USA; Mark Hillery, Department of Physics and Astronomy, Hunter College of the City University of New York, New
York, USA, mhillery@hunter.cuny.edu.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components
of this work owned by others than the author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, to post on
servers or to redistribute to lists, requires prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2024 Copyright held by the owner/author(s). Publication rights licensed to ACM.

Manuscript submitted to ACM

Manuscript submitted to ACM 1


HTTPS://ORCID.ORG/0000-0001-7236-9737
HTTPS://ORCID.ORG/0000-0001-9131-1530
HTTPS://ORCID.ORG/0000-0002-1296-075X
https://doi.org/XXXXXXX.XXXXXXX
https://orcid.org/0000-0001-7236-9737
https://orcid.org/0000-0001-9131-1530
https://orcid.org/0000-0002-1296-075X

59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84

86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103

104

2 C. Zhan, H. Gupta, M. Hillery

of quantum sensors to detect/measure a spatial phenomenon, and there has been recent interest in developing protocols

for such quantum sensor networks (QSNs) [8, 15, 31, 32].

Initial State Optimization. Quantum sensing protocols typically involve four steps [10]: initialization of the quantum
sensor to a desired initial state, transformation of the sensor’s state over a sensing period, measurement, and classical
processing. Quantum sensor networks would have similar protocols. In general, the initial state of the QSN can have
a strong bearing on the sensing protocol’s overall performance (i.e., accuracy). E.g., in certain settings, an entangled
initial state is known to offer better estimation than a non-entangled state [15, 31]. If entanglement helps, then different
entangled states may yield different estimation accuracy. Thus, in general, determining the initial state that offers
optimal estimation accuracy is essential to designing an optimal sensing protocol. The focus of our work is to address this
problem of determining an optimal initial state. Since an optimal initial state depends on the sensing and measurement
protocol specifics, we consider a specific and concrete setting in this paper involving detectors. To the best of our
knowledge, ours is the only work (including our recent work [20]) to address the problem of determining provably

optimal initial states in quantum sensor networks with discrete outcome/parameters.!

QSNs with Detector Sensors. We consider a network of quantum “detector” sensors. Here, a detector sensor is a qubit
sensor whose state changes to a unique final state when an event happens. More formally, a sensor with initial state [¢)
gets transformed to U |¢/) when an event happens, where U is a particular unitary matrix that signifies the impact of an
event on the sensor. Such detector sensors can be very useful in detecting an event, rather than measuring a continuous
parameter representing an environmental phenomenon. More generally, we consider a network of quantum detector
sensors wherein, when an event happens, exactly one of the sensors fires— i.e., changes its state as above. In general, a
network of such detector sensors can be deployed to localize an event — by determining the firing sensor and, hence,
the location closest to the event. Our paper addresses the problem of optimizing the initial global state of such QSNs to

minimize the probability of error in determining the firing sensor.

Contributions. In the above context, we make the following contributions. We formulate the problem of initial state
optimization in detector quantum sensor networks. We derive necessary and sufficient conditions for the existence
of an initial state that can detect the firing sensor with perfect accuracy, i.e., with zero probability of error. Using the
insights from this result, we derive a conjectured optimal solution for the problem and provide a pathway to proving the
conjecture. We also develop multiple search-based heuristics for the problem and empirically validate the conjectured
solution through extensive simulations. Finally, we extend our results to the unambiguous discrimination measurement

scheme, non-uniform prior, and considering quantum noise.

2 ISO PROBLEM AND RELATED WORK

Setting. Consider n quantum sensors deployed across a geographical area, forming a quantum sensor network. See
Fig. 1. Each sensor stores a qubit whose state may potentially change due to an event in the environment. Let |¢/)
denote the initial (possibly entangled) state of the n sensors. Let U be a unitary operator that represents the impact of
an event over a qubit in a sensor; here, U may describe the rotation of a spin caused by a magnetic field or a phase
shift induced in a state of light by a transparent object. Let the two eigenvectors of U be {us, u—}, and without loss of
generality, let the corresponding eigenvalues be {e*? e~i%} where 0 € (0, 180) degrees; thus, U |uy) = €0 |uy ). Let
;)= (1% @U® [®(n=i=1)) |}, where U appears in the ith position and i € {0,---,n — 1}, represents the system’s

!For estimation of continuous parameters, some works [15, 35] exist that have shown that certain initial states can saturate the quantum Cramer-Rao
bound (also see §2.1).
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n Sensors
Qe Q@ e
. I g
Ql.Jan.tur_n St.ate — >
NSNS : Discrimination

N o — ¢
U ’@ """" Q — ' Firing Sensor
Pns i
[Y) {lo:)} Optimal POVM
Initial State Final States Measurement

Fig. 1. IS0 Problem. Given n deployed quantum sensors, an event changes the state of one of the sensors (i” sensor in the figure) by
a unitary operator U. Quantum state discrimination with the optimal measurement is used to determine the firing sensor. The ISO
problem is to determine the initial state (possibly entangled) that minimizes the probability of error in discriminating the potential
final states. The dashed lines connecting the sensors signify a potential entangled global state.

state after the event affects the i sensor. We assume that events in our setting affect exactly one sensor with uniform
probability? We refer to the n possible resulting states {|¢;)} as the final states; these final states have an equal prior

probability of occurrence on an event.

Objective Function P(|/),U). When an event results in the system going to a particular final state |¢;), we want to

determine the sensor (i.e., the index i) that is impacted by the event by performing a global measurement of the
system. For a given setting (i.e., [{) and U), let M(|)),U) be the optimal positive operator-valued measure (POVM)
measurement for discriminating the final states {|¢;)}, i.e., the measurement that incurs the minimum probability
of error in discriminating the final states {|¢#;)} and thus determining the index i given an unknown final state. Let
P(|),U) be the (minimum) probability of error incurred by M(|/),U) in discriminating the final states {|¢;)}.
IS0 Problem Formulation. Given a number of sensors n and a unitary operator U, the ISO problem to determine
the initial state |¢/) that minimizes P(|¢/), U). In other words, we wish to determine the initial state |i/) that yields the
lowest probability of error in discriminating the final states when an optimal POVM is used for discrimination.

For clarity of presentation, we consider only the minimum error measurement scheme till the last Section 8.1 where we

extend our results to the unambiguous discrimination measurement scheme.

Potential Applications. One of the main applications of detector sensor networks is event localization. Assume we have

some critical locations to monitor, and we place one quantum detector at each critical location. Then, a network of
quantum detectors, wherein a detector’s state changes (as represented by the unitary U), can be used to localize the
event occurrence—as the location of the firing detector also gives the event’s location. The event in the above scenario
could be anything that can be represented by a unitary U, e.g., an event may represent the presence of a magnetic field,

an acoustic event (e.g., an explosion), a signal transmission that can be detected, or movement of a detectable object.

Paper Organization. The rest of the paper is organized as follows. We end this section with a discussion on related work.
In the following section (§3), we establish a necessary and sufficient condition for three final states to be orthogonal—and
hence, the existence of an initial state such that P(|’), U) = 0. We generalize the result to an arbitrary number of sensors
in §4, and give an optimal solution for the ISO problem when the orthogonality condition is satisfied. In §5, we use the
insights from §4 to derive a conjectured optimal solution for an arbitrary U and the number of sensors; in the section,

we also provide a pathway to proving the conjecture. In the following sections, we develop search-based heuristics for

2In essence, we assume that sensors are sparsely deployed such that an event affects at most one sensor, and that the event itself is uniformly likely to
occur at the sensor locations. If there is no prior information about the event’s location, then assuming uniform probability is reasonable. See §8, where
we consider the generalization of non-uniform probabilities.
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4 C. Zhan, H. Gupta, M. Hillery

the problem (§6) and use these heuristics to empirically validate our conjectured solution through simulations (§7). In
§8, we consider generalizations related to unambiguous discrimination measurement, non-uniform prior probabilities,

and quantum noise. Finally in §9, we conclude and discuss some potential future work.

2.1 Related Work

Continuous Parameter Estimation using Quantum Sensors. In prior works [15, 34], protocols have been studied for
estimation of a single parameter using multiple sensors [18], multiple parameters [27, 31], a single linear function over
parameters [15, 31, 36], and multiple linear functions [1, 34]. Quantum state estimation considering nuisance parameters
is reviewed in [37]. These and many other works [15, 17, 31] have also investigated whether the entanglement of sensors
offers any advantage in improving the estimation accuracy. Some of the above works have optimized the measurement
protocols (e.g., [15, 32]) in the addressed settings, but none of the above works have addressed the problem of initial
state optimization. To the best of our knowledge, all prior works have modeled the sensed parameters in the continuous
domain, e.g., these parameters could be the strength of a magnetic field at different locations. In contrast, in some sense,

our work focuses on estimating discrete-valued parameters.

Optimal State Discrimination. There has been a lot of work on quantum state discrimination [3, 4, 6, 7] — wherein
the goal is to determine the optimal measurement protocol to minimize the probability of error in discriminating a set
of given states. A closed-form expression is known only for two states and very specialized cases for a larger number of
states. However, numerical techniques exist (e.g., SDP-based [14]). Our work differs in the following ways: (i) The set of
final states we want to discriminate is very specialized. (ii) Our goal is to optimize the initial state—that minimizes the
probability of error using an optimal POVM (in some sense, we implicitly assume that an optimal POVM for a given set

of final states can be derived).

Initial State Optimization. Recent works have used variational circuits to seek an optimized probe state for a set of
sensors, in the context of classical supervised learning [39] and (continuous) parameter estimation [24] under noise. In
additional, a recent work [13] investigates estimation accuracy with different levels of entanglements for measuring a
linear combination of field amplitudes. In contrast, we seek provably optimal initial state solutions. To the best of our
knowledge, the only other work that has investigated the initial state optimization problem is our recent preliminary
work [20] where we address the same problem as in this paper. In [20], we give an optimal solution for the case of
n = 2 sensors, and, for the general case of n sensor, we derive close-form expressions for the probability of error for a

heuristic solution for a restricted class of initial states, and investigate the benefit of entanglement in the initial state.

3 ORTHOGONALITY OF FINAL STATES FOR THREE SENSORS

Note that an optimal solution for two sensors (i.e., n = 2) is known and is based on geometric ideas (See [20] and §5);
however, the solution for two sensors doesn’t generalize to higher n. For n > 3, instead of directly determining the
optimal solution, we first focus on determining the the conditions (on U) under which the optimal initial state yields
orthogonal final states. We start with the specific case of n = 3, as this gives us sufficient insight to generalize the
results to an arbitrary number of sensors. Determining the conditions for orthogonality also helps us in conjecturing
the optimal initial state for general settings.

The basic idea for deriving the condition on U that yields orthogonal final states (i.e., the below theorem) is to
represent the final states on an orthonormal basis based on U’s eigenvalues and eigenvectors; this allows us to derive

Manuscript submitted to ACM



209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256

Optimizing Initial State of Detector Sensors in Quantum Sensor Networks 5

expressions for the pairwise inner products of the final states, and equating these products to zero yields the desired

conditions. We now state the main theorem and proof for three sensors.

THEOREM 1. Consider the IS0 problem, with the unitary operator U, initial state |\), and final states {|¢;)} as defined
therein. Recall that the eigenvalues of U are {e*'? e~} When the number of sensors n is three, the following is true.
For any 6 € [60,120] degrees, there exists a |) such that |¢o), |$1), |¢2) are mutually orthogonal. Also, the converse is

true, i.e., for 6 € (0,60) U (120, 180), there is no initial state that makes |¢o), |$1), |p2) mutually orthogonal.

Proof: Let us first start analyzing the inner product of |¢o) and |¢1). Let zg = (¢o|¢1). We see that:
0=l U elenIeUelly)
=Wl U eUen )

Since U is unitary, its eigenvectors u_ and u, are orthogonal. It is easy to confirm that the following eight eigenvectors
of the middle-part (Ut @ U ® I) form an orthonormal basis: {[u—u_u_), |lu_u_uy), lu—usu_), lu_usuy), lusu_u_),
lusu—uy), lususu_), lususus)}. We denote these eight eigenvectors as {|j)| j = 0,-- -, 7}, with the |j) eigenvector

“mimicking” the number j’s binary representation when u_ and uy are looked upon as 0 and 1 respectively (so, |3) is

[u—usuy)).
We can write the initial state |¢) in the {|j)} basis as
V) =D 9510
J
Thus, we get

2=l UieUuen > ¥l
J

= > 1yl
Jj

where {eg,e1,...,e7} are the eigenvalues corresponding to the eight eigenvectors {|j)}. As the eigenvalues are

1,1, €+2i9, e+2i9’ e—ZiG’ €_2i9, 1,1, we get:

20 = (Ial® + 131%™ + (gl + 1ys1)e ™2 + (o ® + [y * + Y| + 19 1) 1

Similarly, for z1 = (¢1]¢2) = (Y| U @ UT @ U) [y), we get the below. Note that, in the expression for z, the order of

eigenvalues corresponding to the coefficients |¢i|2 is 1, e+2i9, e—2i0’ 1,1, e+2i9, e_zw, 1 (see Observation 1 in §4). Thus,

we get:
21 = (1al® + s 1) + (g2l + [y[)e ™2 + (o * + Yl + [yal? + 1y ]) @)
Similarly, for z; = (¢o|¢2) = (¥| (UT @ I® U) |), we get:
22 = (Ial® + 131%™ + (1gal? + 1y )e ™2 + (o ® + [Pl + Y51 + 1y 1) (3)

Now, for |@o), |$1), |¢2) to be mutually orthogonal, we need zg = z; = zo = 0. This yields the following seven
Equations 4-10.
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6 C. Zhan, H. Gupta, M. Hillery

Imaginary Equations. For the imaginary parts of zo, z1, z2 to be zero, we need the following to be true. We refer to

these equations as the Imaginary equations.

[Yal? + [ys]® = [yul? + |ys | 4
Y112 + 1512 = [l + [yl (5
Y 1? + [ys]® = [gal? + 196 (6)

Real Equations. For the real parts of zo, z1, z2 to be zero, we need the following to be true. We refer to these equations

as the Real equations.

—(I92l® + 93 1% + [al? + [Y51?) cos(20) = [ |* + [y ]* + 96 |? + [y ]? (7)
=y [® + [ys1® + 12l + 1Y) cos(20) = [y |* + [y5]® + yal® + [y7]? ®)
=y 1® + [ys]® + [yal? + [Y6*) cos(20) = [o|* + [v2]® + 95 ]* + [y7]? O]

Above, the terms with cos(26) are on the left-hand side (LHS), and the remaining terms are on the right-hand side
(RHS).

Finally, as 1/ are coefficients of |{/), we also have

Dyt =1 (10)
J

Existence of |i/) when 8 € [60,120] that yields mutually orthogonal final states. Let us assume |¢/y]? = [y7|*> = y
and |y;|? = x for 1 < i < 6. These satisfy Equations 4-6, and the Equations 7-9 yield:

—4x cos(20) = 2x + 2y
—(2cos(20) +1)x =y

The above has a valid solution (i.e., x,y > 0, and 2y + 6x = 1 from Eqn. 10) when cos(20) < —% i.e., when 0 € [60, 120].

When 6 € (0, 60) U (120, 180), no existence of |i/) that yields mutually orthogonal final states. Let a = |¢/o|? +|y/7]2.
Then, by using Equation 4 in Equation 7 and so on, we get the following:

=2(|yal® + [ys51*) cos(20) = a+ [yn|* + ||

—2(1y2l + IY6|*) cos(26) = a+ [y + |ya?

=2([911? + [¥31%) cos(20) = a + [y]? + [ys]?

Adding up the above equations and rearranging, we get:

6
(-2cos(20) = 1) ) [¢|* = 3a

Jj=1
Thus, we need (-2 cos(20) — 1) > 0,as a > 0, i.e., we need cos(20) < —%, Thus, for 6 € (0,60) U (120, 180), there is no
solution to the above equations. Note that we have not used any symmetry argument here. |
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Optimizing Initial State of Detector Sensors in Quantum Sensor Networks 7

4 ORTHOGONALITY OF FINAL STATES FOR n SENSORS

In this section, we generalize the result in the previous section to an arbitrary number of sensors greater than 3.3

THEOREM 2. Consider the ISO problem, with the unitary operator U, initial state |), and final states {|¢;)} as defined
therein. Recall that the eigenvalues of U are {e*10 =19} Letn > 3 be the number of sensors. The following is true.

Forany 0 € [T, 180 — T] degrees, there exists a |{/) such that the set of n states {|¢;)} are mutually orthogonal, where T
is given by:

[51-1

[51 )
Note that T € (45,90) degrees. In particular, the values of T for increasing n are: 60 (n = 4), 65.9 (n = 5,6), 69.3 (n =7, 8),
71.6 (n = 9, 10).

The converse of the above is also true, i.e., for 0 € (0,T) U (180 — T, 180), there is no initial state |{) that makes {|¢;)}

1
T = — arccos (—
2

mutually orthogonal. O

Before we prove the theorem, we define the partitioning of coefficients and state an observation.

Partitioning the Coefficient-Squares {|y/; |2} into “Symmetric” Sets. Note that just renumbering the sensors does
not change the optimization problem. Based on this intuition, we can group the eigenvectors |j) (and the corresponding
coefficients ¢/;’s) into equivalent classes. Let n be the number of sensors. Since only the coefficient-squares {|i); |2} appear
in the expression for pairwise inner-products of the final states, we just partition the coefficient-squares rather than the
coefficients {1/;} themselves—as only the coefficient-squares are relevant to our proposed solution and discussion. We

partition the set of 2" coefficient-squares into n + 1 symmetric sets {Sy } as follows:
Sk = {|¢j|2 | 1j) has k numberof uy} YO<k<n

For each 0 < k < n, let R;. be the number of coefficient-squares from S; in the RHS of a Real equation, and Ly be
the number of coefficient-squares from S; in the LHS of Real equation. (Note that, by Observation 1 below, for any
k, the number of coefficient-squares of Si that are in the RHS (LHS) is the same for all Real equations.) For the
case of n =3, we have Sy = {[fol*}.S1 = { Y1l [W2l® 1Yal*}. S2 = {Iysl% 1Ys 1% [y¥71°}. S5 = {Iy7]*}. Also, we have
Ro =Ry =Ry =R3 =1, while Ly = L3 = 0, Ly = Ly = 2. We will use the above terms to prove the theorem.

OBSERVATION 1. For aReal equation E corresponding to the inner-product of final states ¢; and ¢ (for0 < i, j < n—1),

a coefficient-square || appears in the RHS of the equation E iff the bit-representation of the number r has either both 0’s

or both 1’s at the it" and jt" most-significant bits. O

LEMMA 1. Forn > 3,
. Rk f%] -1
mm1sks(n—1)a = ﬁ
2

Thus, for the given T in Theorem 2, Ly cos(2T) + Ry = 0 for some k, and Ry + cos(2T)Ly > 0 for all k.

Proof:For n > 3 and 0 < k < n, from Observation 1 we get that:

n—2 n-—2
Ry = +
k-2 k
3For two sensors, the single equation corresponding to the Equations 7-9 can be made equal to zero on both sides with 6 = 45 degrees and zeroing all

coefficients on the RHS (which is possible due to lack of other equations).
Manuscript submitted to ACM
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8 C. Zhan, H. Gupta, M. Hillery

L. =2 n—2
k= \k-1)

) =0ify > x or y < 0. Now, a simple analysis shows that:
(2 () a1
263 ) T

Since, forn > 3,R; =Ry—1 =n—2and Ly = L,_1 = 2, we get the lemma. |

X

Above, we assume (y

(minzsks(n—z)

OBSERVATION 2. Let ); x; = c, for a set of variables x; > 0 and a constant ¢ > 0. The equation }; c;x; = 0, where c; are
some constants, has a solution if and only if (i) at least one of the constants is positive and one of the constants is negative,

or (i) one of the constants is zero. O

4.1 Proof of Theorem 2.
Proof: If 6 € [T, 180 — T]. Let the set of all coefficient-squares in each Si to be equal to xi, for each k. Then, each

Imaginary equation becomes:
n n

D Li/2)xe = Y (L /2 (1)
k=0 k=0
Each Real equation becomes:
n n
— cos(26) Z Lipxg = Z Rixy. (12)
k=0 k=0
n

Z(Rk +cos(20)Ly)x; = 0 (13)
k=0

By Observation 2, the above equation (and thus, all Real equations) can be made true by appropriate choices of x

since

(1) Ry + cos(20)Ly is positive for k = 0 as Ly = 0 and Ry = 1.
(2) Ry + cos(20)Ly is negative or zero for some k by Lemma 1 when 0 € [T,180 — T].

If 6 € (0,T) U (180 — T, 180). Adding all the Real equations gives the following. Below, f(j) = k such that |1,//j|2 € Sg.

2n 2n
n\ Lrih) |, o n\ Re(j) |,
~cos(26) () P = () 11
JZ‘O 2J1Sr(l ,Z::‘) 2)1Sr(l

The above gives:

2"

1

2 5o Rrop + cosOLy() I =0

j=0 1°f ()
The above equation doesn’t have a solution as (Ri+cos(26)L;) > 0forall k for 8 € (0, T) (and thus, for 8 € (180—T, 180))
for by Lemma 1. u
Optimal Initial State under Theorem 2’s Condition. Based on the above theorem, we can derive the optimal initial

state under the condition of Theorem 2; the optimal initial state yields mutually-orthogonal final states.

COROLLARY 1. Consider the 1SO problem, with the unitary operator U, initial state |{), and final states {|¢;)} as defined
therein. Recall that the eigenvalues of U are {e+i9, e_ig}. Letn > 3 be the number of sensors. When 6 € [T, 180 — T]
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Optimizing Initial State of Detector Sensors in Quantum Sensor Networks 9

degrees, where T is defined in Theorem 2, an optimal initial state |) that yields mutually orthogonal final states n states
{1¢:)} is given as follows.*

Let Sy be the partition that minimizes the ratio Ry /Ly. It follows from Lemma 1’s proof (we omit the details) that 1 = | % |,
and Ry, L;, and S; are given by:

Ll=|51|><2r£i;1_l

2
21-1

Rl:|51|><2[r2ﬂ1]—_l
2

511 = (L%J)

Then, the coefficients of an optimal initial state |/), when 0 € [T, 180 — T degrees with T defined in Theorem 2, are such

that their coefficient-squares are as follows:

1
2 2
il©= V|gil© €S
il IS/] = cos(20)L; — R, Wil" € S
9 —cos(20)L; — Ry 2

i|“ = Y |yil® €S
Wil = S cos20); = R, IYil" € So
ly;1* =0 V 1y;1? ¢ S U So

Proof: The proof of the above Corollary easily follows from the fact that each coefficient-square of the solution is
positive (from Lemma 1), and that the coefficient-squares of the solution satisfy Eqn. 13 (and Eqn. 11 trivially) as well as

the constraint in Eqn. 10. [ |

5 CONJECTURED OPTIMAL IS0 SOLUTION

Provably Optimal Solution for Two Sensors. The above joint-optimization problem for the case of 2 sensors can be
solved optimally as follows. First, we note that the minimum probability of error in discriminating two final states for a

given initial state |{/) is given by:

pe:%(1_\/1-|<w|<U®U4>|¢>|2 A (14)

Now, when the eigenvalues of U are {e”e, e_ie}, as in our ISO problem, then the initial state |¢/) that minimizes the

above probability of error for 0 < § < w/4 and 37/4 < 6 < 7 can be shown to be the following entangled state:

1
|¢>—@

For 7/4 < 6 < 3m/4, there exists an initial state that yields orthogonal final states. The above follows from the

() lu—) + lu—Ylus)). (15)

techniques developed to distinguish between two unitary operators [12]; we refer the reader to our recent work [20]
for more details. Unfortunately, the above technique doesn’t generalize to n greater than 2, because for greater n, there

is no corresponding closed-form expression for minimum probability of error.

4We note that there are many optimal solutions.
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10 C. Zhan, H. Gupta, M. Hillery

Conjectured Optimal Solution For n Sensors. The main basis for our conjectured optimal solution is that an optimal
initial state must satisfy the symmetry of coefficients property which is defined as follows: an initial state satisfies the
symmetry of coefficients property, if for each k, the set of coefficient-squares in Si. have the same value. The intuition

behind why an optimal initial state must satisfy the symmetry of coefficients property comes from the following facts:

(1) The optimal initial state, under the condition of Theorem 2, satisfies the symmetry of coefficients property.
(2) Since sensors are homogeneous, “renumbering” the sensors doesn’t change the optimization problem instance
fundamentally. Thus, if |{/) is an optimal initial state, then all initial state solutions obtained by permuting the

> must also yield optimal initial states.®

orthonormal basis {|j)} corresponding to a renumbering of sensors,
Now, observe that an initial state that satisfies the symmetry of coefficients property remains unchanged under
any permutation of the orthonormal basis {|j)} corresponding to a renumbering of sensors.

(3) Similarly, due to the homogeneity of sensors, an optimal initial state must yield “symmetric” final states—i.e.,
final state vectors that have the same pairwise angle between them. Now, from Observation 1, we observe that
an initial state that satisfies the symmetry of coefficients yields final states such that their pairwise inner-product

value is the same.

Finally, it seems intuitive that this common (see #3 above) inner-product value of every pair of final states should be
minimized to minimize the probability of error in discriminating the final states. Minimizing the common inner-product

value within the problem’s constraints yields the below optimal solution conjecture.

CoNJECTURE 1. Consider the ISO problem, with the unitary operator U, initial state |), and final states {|¢;)} as
defined therein. Recall that the eigenvalues of U are {e*10 79} Letn > 3 be the number of sensors. For a given
0 € (0,T] U [180 — T, 180), degrees, where T is from Theorem 2, the optimal initial state |{) for the ISO problem is as
follows.

Let S; be the partition that minimizes (R; + cos(20)L;)/(R; + L;), where Ry and L; are as defined in the previous section.

The coefficients of the optimal solution are such that their coefficient-squares are given by:

il =1/I)1 ¥ Iy;1% €S
lyil> =0 VIl ¢S

O

We note the following: (i) The above conjecture optimal solution is provably optimal for n = 2, with T = 45 degrees;
see Eqn. 15 above and [20]. (ii) The above conjectured optimal solution yields orthogonal final states for § = T. In
particular, it can be easily shown that the above conjectured optimal solution is the same as the solution derived in
Corollary 1 for 8 = T. (iii) The proposed state in the above conjecture is a Dicke State in the basis made up of |u_) and
|uy). Dicke states can be prepared deterministically by linear depth quantum circuits in a single quantum computer [5],
and be prepared in a distributed quantum network as well [33]. We now show that the above conjecture can be proved

with the help of the following simpler conjecture.

Proving Symmetry of Coefficients. Based on the intuition behind the above Conjecture 1, one way to prove it would
be to prove the symmetry of coefficients—i.e., the existence of an optimal solution wherein the coefficient-squares in
>Note that renumbering the sensors is tantamount to renumbering the bits in the bit-representation of j integers of the orthonormal basis {|j)}. See

Theorem 3’s proof for more details.
®Note that this fact doesn’t imply that the optimal solution must satisfy the symmetry of coefficients property.
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any Sy are equal. Proving symmetry of coefficients directly seems very challenging, but we believe that the below
conjecture (which implies symmetry of coefficients, as shown in Theorem 3) is likely more tractable. Also, the below

Conjecture has been verified to hold true in our empirical study (see §7).

CONJECTURE 2. For a given U, consider two initial states |) = Y, ; |j) and |¢') = 3 1//1' |j) such that (i) they are
J j
two unequal coefficient-squares, i.e., for some j, |l//j|2 * |lﬁj’.|2, and (ii) they have the same objective function value, i.e.,

P(l¢),U) = P(|y'),U). We claim that the “average” state given by

512+ 192
[Vaug) = ; ——
has a lower objective function value, i.e., P(ll,//aug) ,U) < P(ly'),U). O

We now show that the above Conjecture is sufficient to prove the optimal solution Conjecture 1.
THEOREM 3. Conjecture 2 implies Conjecture 1.

Proof: We start by showing that Conjecture 2 implies the symmetry of coeflicients, and then minimize the common

pairwise inner-product values of the final states.

Conjecture 2 implies Symmetry of Coefficients. First, note that for a given initial state |/), we can generate (n!—1) other

“equivalent” initial states (not necessarily all different) by just renumbering the sensor (or, in other words, permuting
the basis eigenvectors). Each of these initial states should yield the same objective value P() as that of |/), as it can be
shown that they would yield essentially the same set of final states. As an example, the following two initial states are

equivalent (i.e., yield the same objective value P()); here, the sensors numbered 1 and 2 have been interchanged.
Yo 10) + Y1 1) + 2 (2) + Y3 13) + Ya |4) + Y5 [5) + Y6 [6) + Y7 |7)
Yo 10) + 2 [1) + Y1 |2) + Y3 [3) + Ya |4) + Y [5) + Y5 [6) + Y7 |7)

More formally, for a given initial state [¢) = 3.; ¢; /), a permutation (renumbering of sensors) 7 : {0,1,...,n— 1} —
{0,1,...,n — 1} yields an equivalent initial state given by |[¢) = %; [¢n(j)|[j) where IT : {0,1,...,2" = 1} ¥
{0,1,...,2" — 1} is such that II(j) = i where the bits in the bit-representation of j are permuted using 7 to yield i. It
can be shown that the set of final states yielded by |¢/) and |¢/’) are essentially the same (modulo the permutation of
basis dimensions), and hence, they will yield the same probability of error and thus objective value P().

Now, consider an optimal initial state [f/) = 3; |$;]|j) that doesn’t have symmetry of coefficients—i.e., there is a
pair of coefficient-squares |¢;|? and |¢ j |2 such that they are in the same set Sy but are not equal. The numbers i and j
have the same number of 1’s and 0’s in their binary representation, as |¢;|? and |¢;|? belong to the same set Si. Let IT
be a permutation function (representing renumbering of the n sensors) such that I1(i) = j. Consider an initial state
[¥') = X ¥n(j) |j), which has the same probability of error as [1/). Now, applying Conjecture 2 on |/) and |’} yields a
new initial state with a lower objective value P(), which contradicts the optimality of |/). Thus, all optimal initial-states

must satisfy the symmetry of coefficients.

Maximizing the Pairwise Angle. Now, an optimal initial state with symmetry of coefficients will yield final states that

have the same pairwise inner-product values (this follows from Theorem 2’s proof). Also, we see that each pairwise
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12 C. Zhan, H. Gupta, M. Hillery

inner-product value is (see Eqns.11 and 13 from §4):

Z(Rk + cos(20) Ly ) xx (16)
k=0

with the constraint that
n
Z(Rk +Lk)xk =1.
k=0

When 0 € (0,T]. By Lemma 1, note that (R + cos(20)Ly)xy > 0 for all k, for 6 € (0, T). We show in Lemma 2 below
that, for states with equal and positive pairwise inner-products, the probability of error in discriminating them using an
optimal measurement increases with an increase in the common inner-product value. Thus, the optimal initial state
must minimize the above inner-product value expression in Eqn. 16. Now, from Observation 3 below, the inner-product
value above is minimized when the coefficient-squares in the S; that minimizes (Ry + cos(20)L)/|S;| are non-zero,
while the coefficient-squares in all other Sg’s where k # [ are zero. This proves the theorem.

When 0 € [180 — T, 180). Note that cos(20) = cos(2(180 — 0)), and since (180 — 0) € (0, T] for 8 € [180 — T, 180),

we can use the same argument as above for this case as well. |

OBSERVATION 3. Let }; ajx; = 1, for a set of positive-valued variables x; and positive constants a;. The expression
i cixi, where constants c;’s are all positive, has a minimum value of min; ¢; /a; which is achieved by x; = 1/a; for the i

that minimizes min; c;/a;. O

Minimizing Probability of Error in Discriminating “Symmetric” Final States. We now show, using prior results,
that if the pairwise inner-products (and hence, angles) of the resulting final states |¢;) are equal, then the probability of

error in discriminating them is minimized when the pairwise inner-product values are minimized.

LEmMA 2. Consider n states to be discriminated ¢o, $1, . . ., Pn—1 such that (¢,|¢J> =x, forall0 <i,j <n-1andi# j.
The probability of error in discriminating ¢o, g1, . .., ¢n—1 using an optimal measurement increases with an increase in x

when x > 0.

Proof: The optimal/minimum probability of error using the optimal POVM for a set of states with equal pairwise inner

products can be computed to be [16]:

Pezl—l(wll (n=)a-» , 1)w/ )
n n

Let the inner term be y, such that P, = 1 — (y?/n). The derivative of y with respect to x is given by:

n-1 ( 1 1 )
2vn \Vnx+1-x  Vi-x/
The above is negative for x > 0. Thus, for a given number of sensors n and x > 0, the probability of error P, increases

with an increase in x. |

Summary. In summary, we propose the Conjecture 1 for the optimal solution for the ISO problem, based on the
symmetry of coefficients. We also propose a Conjecture 2, which seems more straightforward to prove and provably
implies Conjecture 1. We empirically validate these conjectures using several search heuristics in the following sections.
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Algorithm 1: FindNeighbor(x, i, stepSize)
Input: The initial state x, ith element of x, step size

Output: A neighbor x’ of x
1 X «—x;

)

direction < Generate a random unit 2D-vector ;

©w

direction’ « convert direction to complex number ;
x'[i] « x'[i] + direction’ X stepSize ;
5 X' « Normalize(x') ; /7 xtx=1

'S

return x’ ;

=N

6 SEARCH HEURISTICS

In this section, we design three search heuristics to determine an efficient IS0 solution, viz., hill-climbing algorithm,
simulated annealing, and genetic algorithm. In the next section, we will evaluate these heuristics and observe that
they likely deliver near-optimal solutions. We start with a numerical (SDP) formulation of determining an optimal

measurement, and thus, develop a method to estimate the objective value P(|/),U) of a given initial state |/).

Semi-Definite Program (SDP) for State Discrimination. We now formulate a semi-definite program (SDP) to
compute the optimal measurement for a given initial state; this formulation allows us to determine the optimal
measurement using numerical methods, and thus, facilitates the development of the search heuristics for the ISO problem
as described below. Given a set of (final) quantum states, determining the optimal measurement that discriminates
them with minimum probability of error is a convex optimization problem, and in particular, can be formulated as
a semi-definite program [14]. Let the final states be {|¢;)} with prior probabilities p;, where }; p; = 1. Let {II;} be
the POVM operator with IT; being the element associated with the state |¢;), and let Tr() be the trace operator. The
SDP program to determine the optimal measurement operator can be formulated as below, where the objective is to

minimize the probability of error.

n-1
in1- iTr(I1; |@; i 17
friny 1= 2, TN 140) 61D (7)
subject to the constraints:

I; >0, 0<i<n-1 (18)

n-1
;=1 (19)

i=0

Above, Eqn. 18 ensures that every measurement operator is positive semidefinite, while Eqn. 19 ensures that the set
of measurement operators is a valid POVM, i.e., the summation of all measurement operators is the identity matrix.

Eqn. 17 minimizes the probability of error expression for a given POVM measurement and set of quantum states.

The Objective Value of an Initial State. To design the search-based heuristics, we need a method to estimate an
objective value for a given initial quantum state that evaluates its quality. In our context, for a given initial state |¢),
the ISO problem’s objective function P(|y),U) could also serve as the objective function in a search-based heuristic.
P(|¢),U) can be directly estimated using the Eqn. 17 above.

n-1

P(ly),U)=1- ZPiTV(Hi |$:) {il) (20)
i=0
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14 C. Zhan, H. Gupta, M. Hillery

Algorithm 2: HillClimbing(U, n)

Input: Unitary operator U

Input: Number of sensor n

Output: Initial State x

x « arandom state vector with a length of 2";
bestObjective «— P(x,U) ;

stepSize < 0.1;

-

N

[

'S

stepDecreaseRate < 0.96 ;
while Termination Condition Not Satisfied do

«

6 fori=1t02" do
7 neighbors < Find 4 neighbors, call FindNeighbor(x, i, stepSize) four times ;
8 bestStep < 0
9 for j=1to4do
10 objective < P(neighbors[j],U) ;
11 if objective < bestObjective then
12 bestObjective < objective ;
13 bestStep « j;
14 end
15 end
16 if bestStep is not 0 then
17 ‘ x « neighbors|[bestStep] ;
18 end
19 end
20 stepSize « stepSize X stepDecreaseRate ;
21 end

22 return x ;

where |¢;) = (I® @ U ® [®(n=i-1)) |¢) are the final states, and the optimal measurement {II;} can be computed
numerically using the SDP formulation given above.

Based on the above method to estimate the objective function P(), we can develop search heuristics for the IS0
problem; at a high level, each heuristic searches for a near-optimal initial state by starting with a random initial state
x and iteratively improving (not necessarily in every single iteration) by moving to x’s better neighbor based on the

objective value P() of x.

Hill-Climbing’ (HC) Search Heuristic. The Hill-climbing (HC) heuristic starts with randomly picking an initial
quantum state for the n-sensors, i.e., a 2" length vector x of complex numbers with x'x = 1. During each iteration, we
look into one element of the state vector x at a time. And for each element, we look into four random “neighbors” of
the initial state (as described below), and pick the neighbor with the lowest objective value P(). We repeat the process
until reaching the termination criteria, i.e., the improvement (if any) of moving to the best neighbor is smaller than a
threshold (i.e., 107°). We also set a minimum number of 100 iterations.

To find a neighbor of a quantum state, we update one element of the state vector x at a time—by adding to it a
random unit vector multiplied by a step size which decreases with each iteration (a post-normalization step is done to

maintain x'x = 1). For each element, we look into four random neighbors instead of one, to increase the chance of

7In our context of a minimization problem, the heuristic actually descends into a valley of solutions, but we stick to the Hill-Climbing name because that’s
the common usage.
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discovering better neighbors. See Algo. 1 for the neighbor-finding procedure and Algo. 2 for the overall Hill Climbing

heuristic.

Simulated Annealing (SA) Heuristic. The above Hill-climbing heuristic can get stuck in a local optimal. Thus, we
also develop a more sophisticated Simulated Annealing (SA) [23] metaheuristic which has a mechanism to jump out
of a local minimum. By convention, SA applies the concept of energy E. In our context, the energy is the equivalent
of the objective function value P(). In essence, SA allows itself to transition to solutions with worse objective values
with a small (but non-zero) probability. In SA, the transition probability to a new neighbor state depends upon the

improvement AE in the objective function and is given by:
P(AE) = min(1, e 2E/T), (21)

where T is the temperature. We note that when the new state’s objective value is lower, then AE is negative, and thus,
P(AE) is 1, and the new state is readily transitioned to. Same as in [26], we set the initial temperature as the standard

deviation of the objective value of several initial state’s neighbors. As the SA algorithm iterates, the temperature T

Algorithm 3: SimulatedAnnealing(U, n)

Input: Unitary operator U

Input: Number of sensor n

Output: Initial State x

x « a random state vector with a length of 2";

-

)

stepSize < 0.1 ;

3 T « Standard deviation of some x neighbors’ objective values ;
stepDecreaseRate < 0.96 ;

coolingRate < 0.96 ;

stdRatio «— 1;

while Termination Condition Not Satisfied do

'S

«

o

=

8 fori=1to2" do

9 for j=1to4do

10 x” « FindNeighbor(x, i, stepSize) ;
11 Ei «P(x,U);

12 Ey — P(x,U);

13 AE «— Ey — Eq;

14 if AE < 0 then

15 ‘ X —x

16 else

17 ‘ x « x’ with probability e~ 2E/T
18 end

19 end

20 end

21 stepSize « stepSize X stepDecreaseRate ;
22 std « Standard dev. of x recent neighbors’ scores;
23 stdRatio < stdRatio X coolingRatio ;

24 T « min(T X coolingRate, std X stdRatio) ;
25 end

26 returnx;
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gradually decreases. In our context, the following works well and leads to fast convergence, compared to other standard

equations used in other contexts [25].
Ty = min{(1 - €)Ty-1, (1 — €)"on-1}, (22)

where 0,1 is the standard deviation of objective values of the latest ten neighbors explored at the (n—1)* h jteration. SA
uses the same neighbor-finding method (Algo. 1) as in the previous Hill-climbing heuristic, with a similar termination
condition as Hill-climbing except that we allow a few iterations for improvement. The pseudo-code of SA is shown in
Algo. 3.

Genetic Algorithm (GA) Heuristic. The Genetic Algorithm (GA) is another popular metaheuristic algorithm for
solving optimization problems. Inspired by the natural evolution of survival of the fittest [21], GA works by considering
a “population” of candidate solutions and creating the next generation iteratively, until the best solution in a new
generation does not improve from the best solution in the previous generation by at least a threshold. In our context,
the initial population of candidate solutions is a set of random initial states. Candidate solutions are evaluated by a
fitness function, which is conceptually the same as our objective function P() (Eqn. 20) except that the fitness function
is higher the better while P() is lower the better. So, 1 — P() will serve as the fitness function for GA. The pseudo-code
for GA is shown in Algo. 4. To create a new generation, we pick a pair of candidate states as parents through the rank
selection [22] and then generate a pair of children states by using the two-point crossover method [22]. Finally, we

mutate the children in a way similar to finding neighbors in Algo. 1.

7 VALIDATING THE CONJECTURES EMPIRICALLY

In this section, we evaluate our search heuristics for varying U operator (i.e., varying values of ) and forn =2to 5

and observe that they likely deliver near-optimal initial state solutions to the ISO problem. Based on this observation,

Algorithm 4: GeneticAlgorithm(U, n)
Input: Unitary operator U
Input: Number of sensor n
Output: Initial State x

1 N « population size;

2 Xpop < a size N population of length 2" random state vectors;
3 while Termination Condition Not Satisfied do

4 ranks < computeRank(Xpop, U) ;

5 x}m p < an empty children population;

6 while length(x;mp) < size do

7 parents « get two states by select(ranks, Xpop) ;

8 children « get two new states by twoPointCrossover(parents) ;
9 Do mutation for children ;

. ;o

10 Add children to Xpop 3
11 end
12 Xpop < the top N of states in Xpop + x;mp ;

13 end
12 x < the best state in Xpop
15 return x ;
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Empirical Validation of Search Heuristics
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Fig. 2. Performance of the three search heuristics for varying U’s parameter 0, for different number of sensors in the network. Genetic
Algorithm (GA) is not shown explicitly, for clarity, but it also performs almost exactly the same as Hill-Climbing and Simulated
Annealing (SA) which are plotted above.

Searching Process of Heuristic Algorithm

------ Genetic Algorithm
Hill Climbing
Simulated Annealing

Objective Value P() (%)

20 30 40 50 60 70 80 90 160
Iteration Number

Fig. 3. The objective value P(), probability of error, of the candidate solution over iterations of the three search heuristics for a special
value of 8 = 46 degrees and n = 4 sensors.

we show that our optimal solution Conjecture 1 is very likely true as well the Conjecture 2. Our search heuristics

implementation and experiment’s raw data are open-source at [38].

Evaluation Setting. Recall that, without loss of generality, we assume the eigenvalues of U to be {e*1? ¢~10}) with
Ulus) = etif |us) where uy are the two eigenstates of U. In our evaluations, we vary the 6 in the range of (0, 180)
degrees, and assume the prior probabilities of final states to be uniform. We consider four values of n, the number
of sensors, viz., 2, 3, 4, and 5. Running simulations for much larger values of n is infeasible due to the prohibitive
computational resources needed. E.g., the estimated computation time to run any of the search heuristics for n = 10

will take 10s of years, based on our preliminary estimates.?

8In our context, the Hill-Climbing heuristic goes through about 100 iterations and in each iteration, it needs to solve 4 - 2" instances of SDP formulations
(Eqns 17-19) where n is the number of sensors. We use the Convex-Python CVXPY [11] package (which in turn used the Splitting Conic Solver [29]) to
solve our SDP formulations, and observe that it takes more than an hour to solve a single SDP instance for n = 10; this suggests an estimate of 10s of
years of computation time for n = 10.
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Conjecture 2: The Averaged Initial States Have Lower PoE
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Fig. 4. Empirical validation of Conjecture 2. For four different values of 8 and three different values of n, we show that the objective
value (Probability of Error) of the original initial state (the red circle) remains higher than the objective value of the many “averaged”
states (range shown by blue the bar).

Empirical Validation of Conjecture 1
80+

Hill Climbing — === Conjecture 1

]
o o

w H U O
o o

o

65.9

N
o

Objective Value P() (%)

=
o

N
2 Sensor

0 15 30 45 60 75 90 105 120 135 150 165 180
6 (degree)

o

Fig. 5. The Conjecture 1’s solution performs almost exactly as the Hill-Climbing heuristic when 8 € (0, T] U [180 — T, 180), degrees,
where T is from Theorem 2. For n = 2, Conjecture 1’s solution matches with the provably optimal solution from [20] with T being 45
degrees.

Performance of Search Heuristics. Fig. 2 shows the performance of the search heuristics under varying 6 and four
values of n = 2,3, 4,5, in terms of the ISO objective function P(|¢),U) for the initial state solution |/). We make the

following two observations:

(1) All three heuristics perform almost exactly the same.

(2) The heuristics deliver an initial state solution with P(|¢/), U) = 0 for the same range of 6 given in Theorem 2.

We also observe that the heuristics perform the same for 6 and 7 — 0, i.e., symmetric along the 6 = /2 line. Thus, in
the remaining plots, we only plot results for 6 € (0, r/2]. Fig. 3 shows the convergence rates of the three heuristics for
a specific value of 6 = 46 degrees and n = 4 sensors. We observe that HC converges the fastest, followed by SA and GA.
After 100 iterations, the HC and SA end at a probability of error of 5.85%, while GA ends at 5.86%.

Empirical Validation of Conjecture 2. Recall that Conjecture 2 states that an “average” solution of two IS0 solutions
with equal objective values have a lower objective value. To empirically validate Conjecture 2, we generate a random

state |/), and then, generate n! — 1 additional states of the same objective value P() by renumbering the sensors as
Manuscript submitted to ACM
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Symmetry Index

Objective Value P() (%)

Various Methods at 6 = 46

Hill Climbing with varying 6

1.0 1.0
— Hill climbing — 6=20
Simulated annealing 6=40
08, Genetic algorithm 0.81 — 6=60
— 6=80
0.6+ 0.6
0.44| 0.4
0.2- 0.2 |
0.05 e 0.0 e
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(a) The three search heuristics for 6 = 46 degrees. (b) The HC heuristic for different values of 6.
Fig. 6. Symmetry-index of the candidate solutions over iterations.
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(a) Probability of Error vs. Symmetry Index

Symmetry Index

(b) Probability of Error vs. Symmetry Index, zoomed-in for low
values of symmetry index

Fig. 7. The correlation between the objective value (probability of error) and the symmetry index.

discussed in Theorem 3’s proof. Then, we take many pairs of these states, average them, and compute the objective

value. Fig. 4 plots the objective value of the original state |/), and the range of the objective values of the averaged

states. We observe that the objective values of the averaged states are invariably less than those of [¢/).

Empirical Validation of the Optimal Solution Conjecture 1. We now evaluate the performance of the initial state

solution obtained by Conjecture 1 and compare it with the solution delivered by one of the search heuristics-Hill
Climbing (HC). Here, we consider 6 € (0,T) U (180 — T, 180) degree, where T is as defined in Theorem 2. In Fig. 5, we

observe that the HC heuristic and Conjecture 1 solutions have identical performance, suggesting that Conjecture 1’s

solution is likely optimal based on our earlier observation that the search heuristics likely deliver optimal solutions.
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Symmetry “Index” vs. Objective Value (Probability of Error). In this final experiment, we investigate the impact
of the symmetry of coefficients on the objective value of an initial state. Here, we only do experiments for n = 3 number
of sensors. To this end, we define a notion of symmetry index which quantifies the symmetry of coefficients in a given

initial state. In particular, we define the symmetry index for an initial state [¢) = 3]/ |j) as:
J

n

D k- lyH? (23)

k=0 ;|19 |2 €Sk
where Sy is the kth symmetric set as defined in Theorem 2. The symmetric index being zero implies that within each
symmetric set, all the coefficient-squares are equal. Fig. 6 shows that the search heuristic essentially generates solutions
with lower and lower symmetry index and, finally, converges to a solution with zero symmetry index value. This is true
for all three search heuristics (Figs. 6a) and for varying 6 (Fig. 6b). Given that Fig. 3 already shows that the objective
value decreases as the searching iterations go on, we can conclude that the objective value and the symmetry index
decrease simultaneously when the iterations go on. Furthermore in Fig. 7a, we show the correlation between symmetry
index and objective value through a scatter plot—with the objective value generally decreasing with the decrease in
symmetry index. Fig. 7b zooms into the later iterations of the heuristics wherein the symmetry index is very low (less

than 0.08) to show a clearer view of the correlation.

8 EXTENSIONS

In this section, we consider the generalization to the unambiguous discrimination scheme, non-uniform prior probabili-

ties, and quantum noise.

8.1 Unambiguous Discrimination Measurement

Till now, we have only considered the minimum error measurement scheme wherein the measurement operator always
outputs a state, though sometimes incorrectly and thus incurring a certain probability of error. We now consider an
alternative measurement scheme of unambiguous measurement [4] where there are no errors, but the measurement can
fail, i.e. giving an inconclusive outcome. The unambiguous measurement scheme thus may incur a probability of failure.
Fortunately, our results for the minimum error measurement scheme also hold for the unambiguous discrimination

measurement scheme and objective, as observed below.

(1) The sufficient and necessary condition for orthogonality derived in Theorem 2 is a property of the states and
the operator U, and is independent of the measurement scheme. Thus, Theorem 2 hold for an unambiguous
discrimination scheme.

(2) The intuition behind Conjecture 1 is based on the homogeneity of sensors and symmetry of the problem setting
(e.g., symmetric eigenvalues of U, uniform probability of final states, etc.). Thus, we believe the optimal initial
state solution for an unambiguous discrimination scheme is the same as in the case of the minimum error
scheme. Thus, Conjecture 1 should hold.

(3) Conjecture 2 is independent of the measurement scheme.

(4) We prove the version of Lemma 2 corresponding to the unambiguous measurement below. Thus, Theorem 3
also holds for unambiguous measurement.

(5) The optimization problem of determining the optimal measurement {II;} for an unambiguous discrimination
scheme can also be formulated as an SDP [3], and thus can be computed numerically. Thus, the search heuristics
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from §6 will also work for unambiguous measurement with the corresponding SDP for an unambiguous

discrimination scheme.

LeEMMA 3. Consider n states to be discriminated ¢o, 1, . .., pn—1 such that <¢,|¢J> =x, forall0 <i,j <n-1and
i # j. The probability of failure in discriminating ¢o, §1, . . ., pn—1 using an optimal measurement (for unambiguous

discrimination) increases with an increase in x when x > 0.

Proof: The optimal/minimum probability of failure using the optimal POVM for a set of states with equal pairwise

inner products is equal to x when x > 0 [16]. Thus, the lemma trivially holds. |

8.2 Non-uniform Prior Probability

Till now, we have implicitly assumed that the events (of affecting one sensor) occur with a uniform probability. Here,
we consider the generalization of allowing for the events to occur with non-uniform probability. This could happen if
different sensor locations can have different probabilities of the event occurrence.

Number of Sensors n = 2. When the number of sensors is 2, we observe that the optimal solution for the ISO

problem actually remains unchanged. In particular, the expression for the minimum probability of error in discriminating

the two final states, with non-uniform probabilities p; and pa, for a given initial state |/} is given by (derived from [19]):

Pe= 3 1=V spplvi o U], @9

The above entails that, as for the case of uniform probabilities, we need to minimize |{(/|(U ® U~1)|¢)|, which is
independent of p; and p,. Thus, the optimal initial state for n = 2 is independent of the probabilities associated with

the final states/events.

Number of Sensors n > 2. For n > 2, it is easy to see that Theorems 1 and 2 that derive conditions for orthogonality of
the final states remain unchanged since the probabilities of events/final-states do not affect the final states themselves.
However, the optimal IS0 solution for general values of 6 is certainly different than that conjectured in Conjecture 1,
since Conjecture 1 is fundamentally based on the symmetry of the final states, which is unlikely to be the case for
non-uniform probabilities of events. On the other hand, it is easy to generalize the search heuristics for the case of
non-uniform probability. See Fig. 8, which plots the objective value P() for varying 0 for the three search heuristics. We
observe that (i) The heuristics return an optimal objective value (of zero) for the conditions in Theorems 2; (ii) All the
heuristics perform almost the same. These observations suggest that the heuristics likely perform near-optimally even
for the general case of non-uniform event probabilities. In addition, we note that, compared to the uniform probability
case (i.e., Fig. 2), the optimal objective value P() under non-uniform probabilities is lower than the P() under uniform

probabilities, for any particular 6.

8.3 Impact of Quantum Noise.

Till now, we have looked at the IS0 problem from a theoretical perspective while ignoring the quantum noise. Since
quantum noise is an essential aspect of quantum systems, we present a mitigation strategy to correct for quantum noise

and evaluate it for two quantum noise models.

Quantum Noise-Mitigation Strategy. In our context, the impact of the noise is that it essentially results in final
states that are different (due to noise) than the ones we try to discriminate. That is, consider an given initial state

|y which yields (noiseless) final states {|@;)}; let the optimal measurement to discriminate the final states {|¢$;)} be
Manuscript submitted to ACM
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Non-uniform Prior: Empirical Validation of Search Heuristics

80
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Fig. 8. Performance of the three search heuristics with non-uniform prior for varying U’s parameter 0, for a different number
of sensors in the network. Genetic Algorithm (GA) is not shown explicitly, for clarity, but it also performs almost the same as
Hill-Climbing and Simulated Annealing (SA), which are plotted above.

the POVM with elements {E; }. However, due to the noise, the actual noisy final states may actually be different than
{|¢:i)}, which, when discriminated with the POVM {E;}, will result in a higher probability of error than if there were
no noise. Thus, to account for such quantum noise, we propose to modify the POVM measurement appropriately. In
particular, we compute the POVM measurement to discriminate the expected noisy final states—which we represent by
the density matrices of the mixed states representing the ensemble of potential final states. More formally, our strategy
is as follows: For each final state |@;), let p; be the density matrix that represents the distribution/mixture of noisy final
states that may result instead of |¢;). Then, we use SDP (Eqn. 17) to determine the optimal POVM {E’} that optimally
discriminates the density matrices {p;}, and use it to discriminate the noisy final state.

Evaluation. We consider three popular noise models [28] for evaluation of our above mitigation technique.

(1) Amplitude damping causes the quantum system to lose energy.
(2) Phase damping describes the loss of quantum information without energy loss.
Amplitude Damping

Phase Damping Depolarizing Channel

100 100 100+
90 Conjecture 1 with Noise 90 Conjecture 1 with Noise 90 Conjecture 1 with Noise
;\? —— Conjecture 1 with Noise Mitigation 8 —— Conjecture 1 with Noise Mitigation 8 —— Conjecture 1 with Noise Mitigation
-y
()
2
©
>
[
2
]
|9}
K
<)
o
0 L . . ' ' ) 0 L . . L . ' O L . . . . i
0 0.2 0.4 0.6 0.8 1.0 "0 0.2 0.4 0.6 0.8 1.0 "0 0.2 0.4 0.6 0.8 1.0
p p P

(a) (b) (c)

Fig. 9. The improvement in the objective value P() for the Conjecture 1’s solution due to the noise-mitigation strategy, for the three
noise models, for 6 = 45 degrees and 4 sensors.
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(3) Depolarizing channel is probabilistically replacing the qubit by the completely mixed state, /2.

All the above noise models can be characterized using the Kraus operators (K), which obey }; KJK, = I. In particular,

the Kraus operators for the amplitude damping are:

10 | o vp
Namp = {Kao0, Ka1} = ,
amp { a0 al} { 0 m 70 0 }

where p can be thought of as the probability of losing a photon [28]. The Kraus operators for the phase damping are:
10 |fo o
Noha = {Kpo, Kp1} =
pha { PO pl} {>0 m 0 \/ﬁ
where p can be interpreted as the probability that a photon from the system has been scattered (without loss of
energy) [28]. Finally, the Kraus operators for the depolarizing channel are:
Bl e R )
\3 3 V3lo -1

where p is the probability of a qubit being depolarized. For a given noise model, its Kraus operators give the operators

0
1

0 1
1 0

0 —i
i 0

1
Naep = {Kao, Ka1, Kaz. Kaz} = {y1-p [0

by which the state’s density matrix is transformed with a corresponding probability. For example, in our context, under
the third noise model of depolarizing noise, for a given initial state |/), each final state |¢;) with a density matrix
pi = |9iX¢il is transformed to KdopiK;r.O with a probability of (1 — p) and to KleiK;h or Kd?piK;lz or Kd3piK;3 with
a probability of p/3 each. The above noise models are for a single sensor/qubit; for multiple qubits, we use a tensor
product of the single-qubit noises. Fig. 9 shows the 1) impact of various quantum noise on the results, and 2) for the
initial state (from Conjecture 1), how the objective value P() improves due to the above-discussed noise-mitigation
strategy for the three noise models, for the specific value of = 45 degrees and the number of sensors equal to 4. We

observe that the improvement is particularly significant in the case of amplitude-damping noise.

9 CONCLUSION AND FUTURE DIRECTIONS

In this work, we formulate the problem of initial state optimization in detector quantum sensor networks, which has
potential applications in event localization. We first derive the necessary and sufficient conditions for the existence
of an initial state that can detect the firing sensor with perfect accuracy, i.e., with zero probability of error. Using the
insights from this result, we derive a conjectured optimal solution for the problem and provide a pathway to proving
the conjecture. Multiple search-based heuristics are also developed for the problem and the heuristics’ numerical results
successfully validate the conjecture. In the end, we extend our results to the unambiguous discrimination measurement
scheme, non-uniform prior, and considering quantum noise.

Beyond proving the stated Conjectures in the paper, there are many generalizations of the addressed ISO problem of
great interest in terms of: (i) More general final states (e.g, two sensors may change at a time, allowing for multiple
impact operators Uy, Uy, etc.), (ii) Restricting the measurement operators allowed (e.g., allowing only the projective
measurements and/or local measurements [9]), to incorporate practical considerations in the implementation of
measurement operators. We are also interested in proving related results of interest, e.g., IS0 initial-state solution being

the same for minimum error and unambiguous discrimination.
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