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Abstract—Distribution of quantum circuits (DQC) is a promis-
ing strategy to enable large-scale quantum computations by
utilizing a network of quantum computers. However, executing
distributed quantum programs entails generating entanglements
(to execute remote gates), which can incur significant latency
and lead to qubits’ decoherence. Prior works on the problem
of distributing quantum circuits with minimum circuit-execution
time have only considered a static allocation of qubits to network
nodes, presumably for simplicity. In this work, we show that
distributing quantum circuits with a dynamic allocation of qubits,
i.e., qubit allocation (over the quantum computers) that changes
during the circuit execution, can lower circuit execution time.
For this DQC problem wherein qubit allocation can be dynamic
(i.e., change over time), we design efficient algorithms and
demonstrate the effectiveness of designed techniques via extensive
simulations over NetSquid, a quantum network simulator; our
techniques outperform the best prior work (using static qubit
allocation) by up to 50%.

I. Introduction
Scalability is a cornerstone of advancing quantum comput-

ing, as the ability to handle larger numbers of qubits is crucial
for solving complex problems in fields like cryptography,
optimization, and materials science. However, scaling quan-
tum systems faces significant challenges, including physical
constraints on qubit count, maintaining qubit coherence, and
mitigating noise and errors in larger systems. Error-correcting
codes can be used to overcome noisy gate operations, but that
results in a blowup in the number of qubits, which further
exacerbates the qubit capacity hurdle. Distributing quantum
circuits over a quantum network solves these challenges by
connecting smaller quantum computers (QCs) through quan-
tum communication channels. However, almost all quantum
communication protocols require entangled pairs (to execute
remote gates) which can incur significant generation latency
and, thus, lead to decoherence of qubits. Thus, in this work,
we consider the problem of distributing quantum circuits
across a quantum network with the optimization objective of
minimizing the circuit execution time, which includes latency
incurred in generating the required entanglements to execute
the remote gates under decoherence constraints.

Distributing quantum circuits entails mapping the circuit’s
qubits to the quantum network’s qubit memories, determining
the best quantum communication operations to execute remote
gates (gates spanning multiple QCs), and concurrently gener-
ating the entangled pairs required for communication. In our
proposed approach, we first determine an initial allocation of
qubits to qubit memories so that the estimated execution time
is minimized. We then select an efficient set of teleportations
and telegates (or cat-entanglements) to execute remote gates;
teleportations result in a dynamic qubit allocation, but help
minimize the circuit execution time. Finally, we use efficient
strategies to execute the gates using required entanglements

with minimum latency under network resource and decoher-
ence constraints.

Prior Work and Our Approach. The problem of distributing
quantum circuits in quantum networks has gained significant
attention in recent years, resulting in the development of
efficient solutions tailored to various settings and objectives.
However, almost all works on distributing quantum circuits
have focused on the objective of minimizing the number
of maximally-entangled pairs (EPs) either by minimizing
the number of cat-entanglements [9, 13] or the number of
teleportations [14, 18, 22]. Two recent works have focused
on the objective of minimizing circuit execution time. In
particular, [4] minimizes, the number of time slots to generate
EPs required to execute the remote gates; they make the
simplistic assumptions: (i) each EP ’s generation takes a single
unit of time, and (ii) allocation of qubits to computers is given.
In the work closest to ours, [19] focuses on minimizing the
execution time of a quantum circuit by concurrently generating
EPs. They, however, restrict the designed techniques to use
a static qubit allocation (by disallowing teleportation); i.e.,
their designed algorithms choose a fixed qubit allocation at
the start of the circuit execution, and use this qubit allocation
to determine the remote gates and the EPs that need to be
generated. However, as shown in our work, a lower circuit ex-
ecution time can be achieved by allowing the qubit allocation
to change during circuit execution; this is the focus of our
work. In particular, in this work, we consider the problem of
distributing quantum circuits to minimize the circuit execution
time under the network resource and decoherence constraints
while allowing for a dynamic allocation of qubits (by allowing
the use of teleportation of qubits during circuit execution).

Our Contributions. In the above-described context of dis-
tributing quantum circuits with a dynamic qubit allocation,
we make the following contributions:

• We formulate the dynamic distributed quantum comput-
ing problem and show that, in some cases, a dynamic
qubit allocation may result in a lower circuit execution
time than when the qubit allocation is constrained to be
static.

• We design multiple two-step algorithms, which entail de-
termining the initial qubit allocation in the first step, and
then determining the “execution scheme” in the second
step. The execution step, in turn, involves determining
the communication steps (viz., teleportations, telegates,
or cat-entanglements) and generating the desired EPs.

• For the second step of developing efficient execution
schemes, we design two efficient algorithms: (i) A dy-
namic programming algorithm that determines a series of
points in the input circuit at which the qubit allocation is

1



changed via teleportations; other communication means
(telegates or cat-entanglements) are then used to execute
remote gates within the resulting sub-circuits. (ii) An
online algorithm that scans the circuit from left to right
(or right to left) and, for each remote gate encountered,
it determines how to execute the gate best (e.g., via tele-
porting the operand qubits to a single quantum computer,
or by executing the gate in-place using a telegate or cat-
entanglement).

• We demonstrate the effectiveness of our techniques by
evaluating them on randomly generated circuits and
known benchmarks (§VIII) over NetSquid [3], and ob-
serve that our techniques outperform the best-known prior
techniques by up to 50%.

II. Background

Quantum Circuit Representation. We represent an abstract
quantum circuit C over a set of qubits Q = {q1, q2, . . .} as a
sequence of gates ⟨g1, g2, . . .⟩ where each gt is either binary
CNOT gate or a unary gate (a universal set of gates). We
represent binary gates as triplets (qi, qj , t) where qi and qj
are the two operands and t is the time instant (defined below)
of the gate in the circuit, and unary gates as pairs (qi, t) where
qi is the operand and t is the time instant.
Time Instants. Each gate occurs at a time instant. In addition to
the instants where the gates occur, we introduce time instants
between consecutive gates and enforce that teleportations
occur only at these additional time instants so that they don’t
occur concurrently with the gate operations.
Quantum Network (QN). A quantum network is a network
of quantum computers (QCs) represented as a connected graph
with nodes as QCs and edges representing (quantum and
classical) communication links. Each computer has a certain
amount of quantum memory to store the data/circuit qubits.

A. Distribution of Quantum Circuits over QNs
Given a quantum network (QN) and a quantum circuit, we

seek to distribute and execute the given circuit over the net-
work so that the execution incurs minimum time. Distribution
of a circuit over a network essentially entails two aspects: (i)
distributing the circuit qubits across the QCs/nodes of the QN,
and (ii) executing the “remote” binary gates (i.e., gates with
operands on different QCs) efficiently.
Executing Remote Quantum Gates. To execute such remote
gates, we need to bring all operands’ values into a single
QC via quantum communication. Since direct transmission
of qubit is subject to unrecoverable errors, we consider the
following ways to communicate qubits across network nodes.
Teleportation. An alternative approach to physically transmit
a qubit from a node A to B is via teleportation [2] which
requires an a priori distribution of an EP over A and B. See
Fig. 1(a). Teleportation can be used to bring operands of a
remote gate to a single QC for local execution.
Telegates. One way to execute remote gates without commu-
nicating the gate operands are via the telegate protocol [4].

Fig. 1: Quantum communication. (a) Teleportation, (b) Telegate, (c)
Cat-Entanglement. Dashed boxes are the network nodes; the initial
(final) state of the qubits is at the top (bottom).

The telegate protocol (see Fig. 1(b)) is a sequence of local
operations that effectuates the execution of a remote CNOT
gate with operands at nodes A and B; the protocol requires
an a priori distribution of an EP over A and B.

Cat-Entanglement: Creating “Linked Copies” of a Qubit. Yet
another approach to execute remote gates is by creating linked
read-only copies of a qubit across QCs via cat-entanglement
operations [7, 21]. Creating a linked copy of a qubit q at node
A to a node B requires a priori distribution of an EP over A
and B. See Fig. 1(c). The linked copy at B can be used to
execute binary gates where q is the (read-only) control qubit,
until a unary operation needs to be executed on q. When a
unary operation needs to be executed on q, a disentanglement
operation is done, which destroys the linked copies, and then,
the unary operation can be done on the original qubit q at A.

Teleportation vs. Telegates vs. Cat-Entanglements. First, ob-
serve that each of these three communication protocols re-
quires a single EP. Teleportation transports the qubit operand
to the computer where the gate is executed. In contrast,
the telegate protocol executes a remote gate without moving
qubits. The main advantage of cat-entanglement is that one
cat-entanglement (and, thus, one linked copy) can some-
times be used to execute several binary gates; however, cat-
entanglements are best used for circuits with only CZ binary
gates (see §VII). In this work, we consider all the above
communication mechanisms, viz., teleportations, telegates, and
cat-entanglements, for executing remote gates.

B. Generating EPs over Remote Nodes
Each of the above communication modes requires an apriori

distributed EP. In a quantum network, EPs over long distances
are generated using a sequence of “entanglement-swapping”
operations over shorter-distance EPs. The stochastic nature of
the ES operations entails that an EP is successfully generated
only after many failed attempts; thus, the generation of an
EP incurs significant generation latency. To generate a set of
EPs concurrently, we must allocate the network resources ap-
propriately to each EP’s generation. The techniques developed
here work do not assume any particular model for generation
latencies, except that a (monotonic) function is available that
returns total generation latency for generating a set of EPs
concurrently.

III. Problem Formulation and Related Work
We start by defining some terms and models before moving

on to the problem formulation.
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Qubit-Allocation Function. Let the set of network nodes/QCs
in the given quantum network be P = {P1, P2, . . . , PN},
where each QC Pi is equipped with a set Q(Pi) of qubit
memories for data storage. For a given quantum circuit C,
let Q(C) be the set of qubits in C. To execute a circuit
over a quantum network, we must first distribute the circuit
qubits over the qubit memories in the QCs. To that end, we
define the qubit allocation function η as the function that maps
the circuit qubits Q(C) to the network qubits

⋃
i Q(Pi), i.e.,

η : Q(C) →
⋃

i Q(Pi); the qubit-allocation function must be
one-to-one, i.e., only one circuit-qubit can be mapped to a
qubit memory in the network.

Remote and Local Gates. For a given circuit C and a qubit
allocation function η, a gate (qi, qj , t) in C is considered to
be remote if qi and qj are assigned to different computers by
the qubit allocation function, i.e., η(qi) ∈ Q(Pi) and η(qj) ∈
Q(Pj) where i ̸= j. Every gate that is not a remote gate is
considered a local gate.

Static vs. Dynamic Qubit Allocation. Prior works have fo-
cused on distributing quantum circuits under the restriction of
static qubit allocations. They start with an initial allocation of
qubits and execute the resulting remote gates using telegates.
However, allowing the qubit allocation function to change
during the circuit execution could result in fewer subsequent
remote gates and lower execution time. See Example 1 below.
Allowing such dynamic allocation of qubits entails determin-
ing when to perform teleportations. We now formally define
the dynamic distribution of quantum circuits problem.

Dynamic Distribution of Quantum Circuits (DDQC) Prob-
lem. Given a quantum network and a quantum circuit C, the
DDQC problem is to distribute and execute C over the given
network with minimum circuit execution time under the net-
work constraints (in particular, memory at each network node,
EP generation resources, and decoherence). The DDQC prob-
lem entails (i) selecting an initial qubit-allocation function,
(ii) identifying teleportations and telegates to execute remote
gates, and (iii) determining an execution scheme involving
the generation of necessary EPs and execution of gates such
that the total circuit execution time is minimized. See Fig. 4
(Example 1).

In the above formulation, for clarity, we only use teleporta-
tions and telegates to execute remote gates; we discuss using
cat-entanglements in §VII. The above DDQC problem can be
shown to be NP-Hard by a reduction from the min-quadratic-
assignment problem [16].

A. Related Work
The distribution of quantum circuits (DQC) problem has

been studied before in various settings and objectives. Prior
work can be categorized into two broad categories: works that
minimize the number of EPs required and works that minimize
the circuit execution time. We discuss these below.

Minimizing the Number of EPs. The DQC problem is to dis-
tribute a given quantum circuit over a quantum network with
some optimization objective. In contrast to the DDQC problem,

the DQC problem ignores the coupling graphs within each
computer [5, 9, 13, 14], and thus, the swap operations needed.
The optimization objective used in almost all of these works
has been to minimize the communication cost—defined as
the number of EPs used; a couple of recent works [11, 12]
consider EPs with arbitrary (but fixed) cost and develop a
simulated-annealing heuristic for the qubit-allocation part of
the DQC problem. Our schemes in this work use a similar
two-step strategy as some [9, 17, 18] of the DQC works,
but otherwise differ significantly as we need to consider
the stochastic and concurrent generation of required EPs
to minimize execution time; we also consider telegates to
execute remote gates while the two-step DQC works consider
entanglements [9, 17] and/or teleportations [17, 18].
Minimizing Circuit Execution Time. The works close to
ours [4, 8, 19] address the DQC problem with minimizing
circuit execution time, but with a static qubit allocation,
slightly different settings, and certain limitations, as discussed
below. In particular, [8] focuses on estimating only the worst-
case overhead in executing a circuit over a network, by the
worst-case linear network topology; the overhead considered
is in terms of an increase in circuit “layers” and EPs required
to execute remote gates. [4] focuses on the efficient execution
of remote gates using telegates, given a qubit allocation (they
consider qubit allocation to be out of the scope of their
work), to minimize the number of circuit layers; they assume
generation latency of each EP to be uniform (one time-slot),
and ignore decoherence constraints.

In the work closest to ours, [19] focuses on minimizing
the execution time of a quantum circuit by concurrently
generating EPs. They consider a simple model with a static
qubit allocation function. That is, a single allocation function
is chosen at the start of the algorithm, and this allocation
determines the EPs that need to be generated. In §VIII, we
compare our approaches with their best approach and observe
a significant reduction in circuit execution time.

IV. High-Level Approach
In the previous section, we formulated the DDQC problem as

distributing a given circuit over a given network with minimum
execution time. As mentioned above, the key challenges or
subproblems in solving the DDQC problem is to determine the
qubit-allocation function and the execution scheme such that
the execution time is minimized. Thus, it is natural to tackle
the DDQC problem as a sequence of two steps, similar to the
approaches taken in prior works on the similar problem of
distributing quantum circuits [9, 17, 18].

1) Determine the Initial Qubit-Allocation Function. In this
step, we determine an initial qubit-allocation function
that will yield an execution scheme in the second step
with minimum total circuit execution time. Note that this
allocation function may change in the second step as
teleportations are performed.

2) Determine the Execution Scheme. In this step, given an
initial qubit-allocation function, we determine the execu-
tion scheme, which entails two aspects: (i) First, we need
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Fig. 2: Example 1 illustrating the benefit of dynamic qubit allocation. (a) Quantum circuit and the initial qubit allocation. The circuit shows
the remote gates (based on the qubit allocation) colored and labeled with the EPs required; thus, {e1, e2, . . . , e8} represent the EPs required
to execute the corresponding remote gates. For simplicity, we are not distinguishing between memories in a single node. (b) Execution
scheme using a static qubit allocation. The scheme shows the batches and order in which the required EPs are generated; the colored paths
represent the entanglement routes along which the corresponding EPs are generated. (c) Execution scheme using a dynamic qubit allocation.
Here, we teleport q2 to q4’s node after the fifth gate of the circuit is executed , to further minimize the number of EPs required. In particular,
instead of generating the EPs e3 and e5 to execute the corresponding gates, we instead teleport q2 to q4’s node (using an EP), which makes
the gates corresponding to e3 and e5 local, and thus, saving one EP. The scheme in the figure shows the batches in which the set of desired
EPs (including the EP required for teleportation) are generated. Assuming equal expected generated latency of EPs across all links, using a
dynamic allocation reduces the overall execution latency.

to identify when to perform teleportations and when to
perform telegates to facilitate execution of remote gates.
(ii) Second, we must determine when and how to generate
the EPs required to execute the remote gates.

We discuss the above steps in the following sections. For
simplicity, we assume the local-gate execution latencies to be
zero; we relax this assumption in §VII.

V. Step 1: Determining an Initial Qubit Allocation
Function

This section describes an algorithm for determining an
initial qubit-allocation function to yield an efficient execution
scheme. We use the approach from [19], which we summarize
here for completeness. We start with formulating the problem.

Qubit-Allocation Problem Formulation. Informally, the
qubit-allocation problem essentially maps a circuit graph (de-
fined over circuit qubits, with edge weights representing the
number of gates between the qubit-pairs) onto a network-
coupling graph (defined over network memories, with edge
weights representing the cost of executing a gate over the
qubits in the corresponding network memories); the optimiza-
tion objective is to minimize an appropriately defined cost of
the mapping. In effect, we want to map the circuit qubits to
network memories so that qubit-pairs with more gates between
them are mapped to memories that are “close by”; this can be
formally captured by defining a mapping cost as the weighted
sum of the product of the weights of the edge pairs that map
to each other in the mapping. We formalize the above intuition
below by defining the input graphs and the problem.

Circuit Graph GC . The circuit graph is an edge-weighted
graph defined over the set of qubits Q(C) of a given circuit
C with weight w(qi, qj) associated with an edge (qi, qj)
representing the number of (binary) gates in C over the qubits
qi and qi.

Network-Coupling Graph GN . The network-coupling graph is
an edge-weighted graph defined over the set of qubit-memories⋃

i Q(Pi) in the given quantum network with QCs {Pi}.
The weight w′(ma,mb) associated with an edge between two
memories (ma,mb) is defined as follows.

• If ma and mb are in the same computer Pi, then the
weight represents the time to execute the gate over qubits
in ma and mb using swap operations.

• If ma ∈ Q(Pi) and mb ∈ Q(Pj), then the weight
on the edge (ma,mb) is the latency of (independently)
generating an EP over network nodes Pi and Pj .

For the sake of simplicity, the above weighting of the network-
coupling graph assumes that each EP is generated indepen-
dently. However, when we generate the EPs in the following
step (Step 2 discussed in §VI), we generate them as concur-
rently as possible. We now formally define the qubit-allocation
problem.

Qubit-Allocation Problem Formulation. Given a quantum cir-
cuit C and a quantum network, the qubit-allocation problem
is to determine a mapping η : Q(C) →

⋃
i Q(Pi) from the

circuit qubits to the qubit-memories of the given network, such
that the mapping-cost cost(η), defined as below, is minimized.

cost(η) =
∑

qi,qj∈Q(C) w(qi, qj)× w′(η(qi), η(qj))
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The qubit-allocation problem can be shown to be NP-Hard
by a reduction from the well-known minimum quadratic
assignment problem (min-QAP) [16].

Qubit-Allocation Algorithm Based on Quadratic-
Assignment. The prior work [19] poses the qubit allocation
problem as an instance of the maximum-quadratic-assignment
problem (max-QAP), and use a 4-approximation algorithm
from [1] to obtain a qubit allocation. The approach from [19]
can be summarized as follows.

1) Add dummy vertices to the circuit graph GC to make it
the same size as GN . Then subtract the weights of GC

from a large constant M . Let G′′
C be the resulting graph.

2) Solve the max-QAP over the graphs G′′
C and GN using

the 4-approximation algorithm for max-QAP.
We use the above to determine our initial qubit allocation.

VI. Step 2: Determining the Execution Scheme

In this section, we determine the (distributed) execution
scheme once the initial qubit allocation has been computed
(in Step 1). As mentioned before, the execution scheme entails
determining how to execute each of the “remote” gates and
then generate the desired EPs. In particular, we consider two
approaches: (i) DPoverSubCircuits, which essentially
determines the execution scheme by determining the changes
to the qubit allocation function over time (via teleportations),
(ii) Online-Tele, which “scans” the given circuit and for
each remote gate encountered, determines how to execute it. In
both schemes, the set of EPs to be generated are then readily
apparent—and are generated concurrently by batching.

A. Dynamic Programming Approach

We now describe the DPoverSubCircuits algorithm
that uses dynamic programming to determine an optimized se-
quence of sub-circuits along with the “bridging” teleportations,
such that the overall circuit-execution time is minimized. The
high-level idea is to first find a sequence of sub-circuits with
suitable qubit allocations, teleportations to transform qubit
allocations across sub-circuits, and telegates to execute remote
gates within each sub-circuit. Before formally presenting the
dynamic program, we define a few useful terms.

Sub-Circuit. A sub-circuit of a given circuit C is any con-
tiguous part of C and can be represented by the starting and
the ending time-instant. We use the algorithm from § V to
compute a suitable qubit allocation for every sub-circuit of
C. Thus, each sub-circuit has an associated cost equal to the
execution time of the sub-circuit, provided telegates are used
to execute remote gates.

Stitching Two Sub-Circuits. Consider two (adjacent) sub-
circuits C1 and C2, and the corresponding qubit allocation
functions µ1 and µ2. Then, stitching C1 to C2, for the given
qubit allocation functions µ1 and µ2, signifies determining
and using a set of teleportations that transform µ1 to µ2; the
stitching cost equals the expected latency of generating EPs
for the necessary teleportations.

q1

q2

q3

q4

Option 1:

Allocation: {1,2}, {3,4} {1,3}, {2,4} {1,4}, {2,3}

IC: 0 3 0

SC: 2 2

Total cost: 3+2+2 = 7 EPs

Option 2:

Allocation: {1,2}, {3,4} {1,3}, {2,4} {1,4}, {2,3}

IC: 1 0 0

SC: 2 2

Total cost: 1+2+2 = 5 EPs

Instance:

4 qubits,
2 nodes

Fig. 3: DPoverSubCircuits: The figure shows two sequences of
subcircuits and their cost estimates (number of required EPs).

Using the above concepts, we now describe the
DPoverSubCircuits algorithm.

DPoverSubCircuits: We can divide a given circuit C into
sub-circuits with minimum aggregate cost (includes sub-circuit
and stitching costs) using dynamic programming as follows.
Let S[1, i, j] be the optimal cost for the sub-circuit (1, j),
formed by stitching together multiple sub-circuits within (1, j)
with the constraint that (i, j) is the last such sub-circuit. Our
goal is to determine mini S[1, i,m], where m is the last time
instant. We determine S[ ] values recursively using dynamic
programming as follows.
S[1, i, j] = mini′ S[1, i

′, i] + IC((i, j)) + SC((i′, i), (i, j))

Above, SC((i′, i), (i, j)) is a function that gives the cost
of stitching the sub-circuit (i′, i) to (i, j) for the given pre-
computed qubit allocation functions. Note that the labeling
of network nodes must be fixed throughout the execution
of the circuit since the nodes and the links between nodes
may be heterogeneous. Therefore, the set of teleportations
(and EPs) required to switch between two-qubit allocations
is straightforward. Additionally, IC((i, j)) is the internal cost
of the sub-circuit (i, j) given µ(i,j); the internal cost of (i, j) is
the expected latency of generating the EPs required to execute
the remote gates within (i, j) using telegates (see §VIII).

Motivation for Further Improvement. Note that
DPoverSubCircuits currently computes qubit allocations
for each sub-circuit independently. While this method yields
low internal cost for each sub-circuit, it does not consider
the stitching cost. Therefore, determining a sequence of
qubit allocations that are ”similar” and have low internal
costs may reduce the expected latency of generating EPs.
To incorporate the above insight, we modify the above
DPoverSubCircuits algorithm as described below.

Improved DPoverSubCircuits. In the Improved
DPoverSubCircuits algorithm, we allow the recompu-
tation of the qubit allocation corresponding to the sub-circuit
(i, j) based on the qubit allocation of the preceding sub-circuit
(i′, i). This modification is incorporated into the improved
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stitching function SC∗, as described momentarily. The im-
proved dynamic programming formulation to determine S[ ]
values recursively is as follows.
S[1, i, j] = mini′ S[1, i

′, i] + IC((i, j)) + SC∗(µ(i′,i), (i, j))

Above, µ(i′,i) is the qubit-allocation function of the sub-
circuit (i′, i) in the solution S[1, i′, i]. The improved stitching
cost function SC∗ works in two steps: (i) For the input operand
(i, j) sub-circuit, it computes a qubit-allocation function that
“matches” as closely as possible with the input µ(i′,i)—so
that the cost of stitching the sub-circuit (i′, i) to (i, j) is
minimized, and (ii) it determines the teleportations required
to stitch the sub-circuit (i′, i) to (i, j) using the above qubit-
allocation functions.

Computing µ(i,j) Based on µ(i′,i). We wish to compute a
qubit allocation µ(i,j) based on µ(i′,i) such that the sum of
the internal cost of (i, j) and the stitching cost between µ(i,j)

and µ(i′,i) is minimized. We do this by solving a generalized
version of the max-QAP problem described in §V. In the
generalized version of max-QAP, there are three input graphs
G1, G2 and G3, and the objective is to find an assignment
µ : V (G1) → V (G2) to maximize the following quantity:∑

1≤i,j≤n w1(i, j)w2[µ(i), µ(j)] +
∑

1≤i≤n w3[i, µ(i)]. The
graph G3 represents the benefit of assigning a vertex in
G1 to a vertex in G2. When the graph G2 satisfies the
triangular inequality, there is a 4−approximation algorithm for
the generalized max-QAP problem (See [1]). To construct an
instance of generalized max-QAP, we first construct the graphs
G′′

C(G1) and GN (G2) as described in §V. Then, we construct
a bipartite graph G3 as follows-

• GA
3 contains the vertices of G′′

C and GB
3 contains the

vertices of GN .
• Add an edge of weight L −
Latency(Stitching(µ(i′,i)(q), µ(i,j)(q))) between
the vertices q (in GA

3 ) and µ(i,j)(q) (in GB
3 ). Here, L

is the highest generation latency of a single EP in the
network.

We solve the above instance of max-QAP and obtain a qubit
allocation function for the sub-circuit (i, j).

B. Online Approach
In this section, we present an online algorithm,

Online-Tele, for determining the execution scheme.

High-level Idea. The high-level idea behind Online-Tele
is to execute each remote gate encountered in the ’best’
way possible. This means executing the gate in the ’best’
node possible or using a telegate, depending on which option
incurs the least latency in the “near future.” The ’best’ node
is determined based on the gates in the near future shared
between the qubits in the node and the operands of the remote
gate currently under consideration.

Online-Tele.
1) Scan the circuit from left to right.
2) Whenever a remote gate g is encountered, do-

a) Consider the two operands q1, q2 of g.

q1

q2

q3

q4

q5

q1

q2

q3

q4

q5

q1

q2

q3

q4

q5

q1

q2

q3

q4

q5

Already executed 

Different ways of executing Cg and their costs:

Instance: 
5 qubits, 2 nodes.
Each node has 
capacity 3.

Telegate q2 to blue, q3 to green q4 to green 

Cost: 3 EPs Cost: 2 EPs Cost: 3 EPs
Fig. 4: Online-Tele. The figure shows different ways to compute
the gate Cg (red, in the top figure) along with costs (in the number
of EPs required).

b) Construct a circuit Cg based on the next ’r’ gates
involving q1 and/or q2.

c) For each node p, compute the expected latency tp of
executing the gates in Cg provided g is executed in p
by teleporting q1 and/or q2.

d) Additionally, compute the latency t of executing Cg

provided g is executed using a telegate.
e) Determine how and where to execute g such that the

expected latency of executing Cg is minimized.

Best Computer to Execute g. More formally, to determine the
best node for a remote gate g, we define and compute a
“benefit” for each node and pick the node with the highest
benefit. For a remote gate g = (q1, q2, t), the benefit of a
node p is define as the expected latency of generating the
EPs necessary to execute the next r binary gates involving q1
and/or q2 provided q1 and q2 are teleported to p. Note that
teleporting q1 (and/or q2) to p may require some qubits to be
displaced in p due to storage constraints. In such cases, we
select the qubit(s) in p that leads to the smallest increase in
latency upon removal. We teleport this displaced qubit to the
node that previously contained q1 (or q2).

C. Generating the Desired EPs

From the algorithms in sections VI-B and VI-A, we obtain
the set of EPs E that must be generated. We now try to
generate these EPs concurrently while satisfying decoherence
constraints (which we represent, as in prior work [19], by
enforcing that each EP qubit is generated and consumed
with a decoherence threshold of τ ). Note that when there is
decoherence, EPs can decohere while and after (as they wait to
be consumed) being generated. In particular, decoherence may
require that we partition E into subsets of EPs (called batches)
with each batch generated independently—as generation of the
entire set E concurrently may result in some EPs having a
generation latency of more than the decoherence threshold τ .
We use the Static algorithms from [19] to obtain a sequence
of batches of EPs, each of which can be generated concurrently
without violating decoherence constraints.
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Fig. 5: Total execution time taken by various algorithms for varying parameters in CZ circuits.

Fig. 6: Total execution time taken by various algorithms for varying parameters in CNOT circuits.

VII. Generalizations

Cat-entanglements. As mentioned before, using cat-
entanglements instead of telegates could result in lower
circuit execution time, as a single cat-entanglement can help
execute multiple remote gates. In the DPoverSubCircuits
algorithm, we can use the procedure from [19] to select a set
of cat-entanglements to execute gates within each sub-circuit.
In the Online-Tele algorithm, we can modify Step 2(d)
as follows. For each node p, compute the expected latency
t′p of executing Cg using cat-entanglements, provided g is
executed in p by creating linked copies of q1 and/or q2.

Incorporating Non-zero Gate Execution Latency. Recall
that we assumed, for simplicity, zero gate latencies; see §IV.
Step 1 (§V) can be extended to incorporate non-zero gate
latencies by modifying the network coupling graph to include
the swap latency between qubit memories in the same network
node. To extend Step 2, we make two changes. (i) When
generating the EPs in batches, the gates and swaps are done
in parallel with the generation of EPs of the following batch.
Thus, gates and swaps do not add to the total execution
time—as long as their latencies are less than the EP-batch
latencies (which is expected to be largely true). (ii) We only
consider batches whose total latency (including swap and gate
operations) is less than the decoherence threshold τ .

Fidelity Constraints. The fidelity of EPs may degrade dur-
ing the generation process due to the quantum operations
(decoherence can also affect fidelity, but we have handled it
separately). In our schemes, we use the purification technique
to overcome fidelity degradation by requiring and creating
multiple copies of EPs [6] (instead of just one) to execute
each remote gate; we required the number of copies to be
proportional to the entanglement path length l used to generate
the EP (as fidelity degradation is somewhat proportional to l).

VIII. Evaluation
In this section, we evaluate our algorithms over Net-

Squid [3], a QN simulator on random and benchmark circuits.
We use the NetSquid simulator to generate desired EPs.
Algorithms Compared. We compare our techniques with the
greedy algorithm proposed in [19] (referred to as Static,
here), as it performs the best in their empirical results, which
compares all the known algorithms known for DQC to mini-
mize circuit execution time. Static uses only telegates (or
cat-entanglements) to execute remote operations and, hence,
operates under a static qubit allocation function. Note that
all approaches use the same initial qubit allocation function
(from §V). We use DP and Online to refer to the algorithms
that uses DPoverSubCircuits and Online-Tele, re-
spectively, to determine the execution scheme. To compute
the expected latency of generating EPs for teleportations and
telegates, we use the linear programming algorithm from [10].
Generating Random and Benchmark Circuits. We eval-
uate the techniques on random quantum circuits using the
following parameters: number of qubits (default=50), number
of gates per qubit (default=50), and fraction of binary gates
(default=0.5). Given the parameter values, we generate the
random circuit one gate at a time. Gate operands are chosen
randomly. We also evaluate on benchmark circuits corre-
sponding to Quantum Fourier Transform (QFT), Quantum
Phase Estimation (QPE), and GHZ state generation (GHZ), of
various sizes obtained from the Munich Quantum Toolkit [15].
CNOT and CZ Circuits. Binary gates in the random circuits
can be either all CNOT (referred to as CNOT circuits) or
all CZ gates (referred to as CZ circuits). The benchmark
circuits have only CNOT and unary gates. For evaluations
over CNOT circuits (Figs. 6a-7c), we use the versions of the
algorithms that use telegates. For evaluations over CZ circuits
(Figs. 5a-5d), we use the versions of the algorithms that use
cat-entanglements (as described in §VII and [19]).
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Fig. 7: Total execution time taken by various algorithms for (CNOT ) benchmark circuits.

Generating Random Networks. We use a quantum network
spread over an area of 100km× 100km. We use the Waxman
model [20], which has been used to create Internet topologies.
We vary the number of network nodes from 5 to 25, with 10 as
the default. The total number of data memories in the network
is equal to the number of circuit qubits, which are randomly
distributed among the network nodes.
Network Parameters. We use network parameter values similar
to the ones used in [10]. In particular, we set the atomic-BSM
probability of success and latency to be 0.4 and 10µ seconds
and the optical-BSM probability of success to be 0.3. We use
atom-photon generation times and probability of success as
50µ sec and 0.33, and the decoherence threshold of 1 second.
Evaluation Results. We evaluate the algorithms over the
circuits and networks as described above. We consider CNOT
and CZ gate-based circuits and vary one parameter at a time
while keeping the other parameters fixed to their default values
mentioned above. See Figs. 5-7. We observe the following:

• Among the DDQC algorithms (DP and Online), DP
outperforms Online significantly. The best DDQC al-
gorithm (DP) significantly outperforms the Static al-
gorithm which uses a static qubit allocation—sometimes
up to 50% (in CZ as well as CNOT circuits).

• In CZ circuits, Online sometimes performs worse than
even Static by about 10%. This is likely due to
the fact that when determining the choice of each cat-
entanglement (which can help execute multiple future
gates), we only look at a limited window of r gate which
can skew the benefit estimation. In the case of telegates
(which only helps execute a single gate), however, the
benefit estimation is still expected to be accurate.

Runtime Overhead. Our polynomial-time schemes run in
order of a few seconds for large circuits; this is a tolerable
overhead, especially since these distribution strategies need to
be run only once (for a given quantum algorithm).

IX. Conclusion
In this paper, we have demonstrated that ”dynamic” allo-

cation of qubits can offer a significant benefit in the efficient
distribution of quantum circuits. To our knowledge, this is
the first paper to use dynamic allocation to minimize circuit
execution time. Our future work is focused on developing
approximation algorithms for the problem or subproblems in
this context. In addition, the more general problem of the

distribution of multiple circuits over a quantum network is
of great interest to us.
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