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Abstract—We consider problems of distributing high-fidelity
entangled states across nodes of a quantum network. We con-
sider a repeater-based network architecture with entanglement
swapping (fusion) operations for generating long-distance entan-
glements, and purification operations that produce high-fidelity
states from several lower-fidelity states. The contributions of this
paper are two-fold: First, while there have been several works on
fidelity-aware routing and incorporating purification into routing
for generating EPs, this paper presents the first algorithms for
optimal solutions to the high-fidelity EP distribution problem. We
provide a dynamic programming algorithm for generating the
optimal tree of operations to produce a high-fidelity EP, and an
LP-based algorithm for generating an optimal collection of trees.
Second, following the EP algorithms, this paper presents the first
algorithms for the high-fidelity GHZ-state distribution problem
and characterizes its optimality. We evaluate our techniques via
simulations over NetSquid, a quantum network simulator.

I. Introduction

Quantum computers promise superior efficiency over classi-
cal computers for solving certain critical problems [1]. Quan-
tum networks connecting quantum computers can enable sig-
nificant applications, including quantum key distribution [2—
4], communication [5], quantum sensor network [6—10] and
distributed quantum computation [11-17]. These implementa-
tions fundamentally rely on the distribution of entangled states
among quantum computers in the network. In this paper, we
consider the efficient distribution of high-fidelity entanglement
states, such as entanglement pairs (EPs) and GHZ states,
by combining the purification operations with distribution
strategies.

Ensuring the high fidelity of entangled states is vital for the
supported applications. For instance, low fidelity of entangled
pairs in quantum communication can result in errors in the
teleported information [18]. Purification, where one or more
entangled states are “sacrificed” to increase the fidelity of
the distributed states, allows us to trade efficiency for higher
fidelity. Selecting an optimal distribution strategy is crucial for
reducing generation latency and guaranteeing the fidelity of
entanglement states [19, 20]. Our work focuses on developing
optimal distribution and purification schemes for EPs and GHZ
states.

Prior Work and Our Approach. Several recent works have
studied protocols for distributing entanglement states in quan-
tum networks. Most have focused only on finding distribution
strategies [21-23]. In particular, they either develop routing
algorithms that do not guarantee the fidelity of the entangle-
ment states or only consider simple purification strategies,
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such as purifying only at the link level. There are fewer
works on the distribution of GHZ states [24, 25], and they
have restricted either the network topology or the scope of
purification operations (see §1V).

In this work, we combine purification schemes with swap-
ping/fusion trees used earlier to distribute entanglement states.
We consider the problem of maximizing the rate of distributed
entanglement states that are above a certain fidelity threshold.
For the distribution of EPs, we develop a novel dynamic pro-
gramming (DP) based algorithm that simultaneously chooses
the optimal path, swapping tree, and purification scheme. We
then use a linear-programming (LP) based framework, similar
to those used in recent works [23, 25] on generating EPs
and GHZ states, to find an optimal collection of purification-
augmented swapping trees. We develop similar DP-based and
LP-based algorithms for the distribution of GHZ states. The
specifics of our algorithms are agnostic to the concrete purifi-
cation model, needing only a few functions that characterize
the effect of the purification operations (latency, probability of
success, etc.).

Our Contributions. We formulate the problem of distributing
EPs/GHZ states in quantum networks with a fidelity threshold
in terms of selecting efficient purification-augmented swap-
ping/fusion trees (see §1I and §III).

1) We design optimal algorithms suitable for arbitrary pu-
rification models based on DP and LP for distributing
EPs with fidelity above a threshold by combining the
purification scheme with the swapping tree (§V).

2) We extend our algorithms to distributing GHZ state with
fidelity above a threshold by combining the purification
scheme with the fusion tree, and we propose a sub-
optimal algorithm with lower time complexity (§VI).

3) We report the results of extensive evaluations on the
NetSquid simulator, showing our solutions’ relative per-
formance compared to prior works that use heuristic
methods to combine distribution and purification (§VII).

II. Background and Models

Quantum Network (QN). A quantum network is a con-
nected undirected graph with vertices representing quantum
computers and edges representing the (quantum and classical)
direct communication links. For a quantum network ), We
use network nodes (denoted by V' (Q)) and links (denoted by
E(Q) to refer to its vertices and edges. Distribution of EPs and
multipartite entangled states such as GHZ and graph states is
generally seen as a basic network service based on which other
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Fig. 1. (a) Entanglement swapping over the triplet of nodes (A, B, C'), which
results in A’s qubit entangled with C”s qubit. (b) Purification of entanglement
(blue, middle) using sacrificial EP (red, top), resulting in a higher-fidelity EP
(blue, bottom) if the operation is successful.

quantum operations can be performed over the network [9, 14,
15, 26, 27]. For instance, EPs can be used to transmit arbitrary
quantum data via teleportation, and implement remote gates
(operating on qubits from different quantum computers in the
network) for executing distributed quantum programs.

Model of QN. Following past work on entanglement distribu-
tion such as [23, 28], we assume each node in the network has
quantum memories (possibly implemented as atomic qubits)
partitioned into a collection of non-empty subsets. Each edge
incident on a node is assigned a unique subset of such memo-
ries, and represents a quantum link capable of establishing an
EP across the two sets of memories connected by that link.
An EP established across a network link is called a “link EP”.
The technical development of this paper is agnostic to the
physical processes used to generate link EPs. We consider
the link EP generation to be a Poisson process. The network
model provides two functions: rate : E(Q) — R™ that gives
the mean generation rate, and fid : E(Q) — R that gives the
fidelity of link EPs. Finally, we assume that pairs of network
nodes can directly communicate classical values.

Fidelity. While we attempt to share EPs/GHZ states, which are
pure states, errors in their creation and distribution may result
in a different, possibly mixed state. The standard definition
(e.g. see [29, 30]) of the fidelity of a mixed state M with
respect to a fixed pure state |¢)), denoted by F (M), is (¢ |

M| ).

A. Generation of Remote EPs

Given two link EPs shared between nodes (z;,z;) and
(xj,xr), we can create a remote EP between (x;,xj) by
performing an entanglement swapping operation (ES) between
the two qubits at ;. The ES operation involves a Bell State
Measurement (BSM) at x; followed by local operation at x; or
x (see Fig. 1(a)). BSM is generally modeled as a probabilistic
operation, with a success probability of p;.

Entanglement Swapping Trees. An efficient way to generate
an EP over a pair of remote network nodes (s, d) using EPs
over network links (i.e., edges) is to: (i) create a path P in the
network graph from s to d with EPs over each of the path’s
edges, and (ii) perform a series of entanglement swapping (ES)
over these EPs. The ES operations over P can be performed in
any order. The order can be represented by an entanglement-
swapping tree [23]. Formally, an entanglement-swapping tree
is a complete binary tree consisting of two kinds of nodes:

o leaves of the form link(x;, ;) representing link EPs,
((l‘i,l‘j) S E(Q) ) and

o internal nodes of the form swap(z;,x;,x;) with
x;, x5, x, € V(Q) representing EPs (z;,x;) generated
by ES between (x;,xy) and (zx,z;) at network node
. The two children of such a node will be entan-
glement swapping trees, each rooted at link(x;,xy) or
swap(x;, T, _), and link(xy, x;) or swap(zk,xj,_).

Generation Latency and Generation Rate. The latency of
generating EPs from an entanglement-swapping tree can be
recursively computed as follows (from [23]). Let ¢ be an
entanglement-swapping tree with a swap node at its root. Let
the two children of ¢ be [ and r. If the mean generation
latencies of [ and r are noted by /; and [, then the generation
latency of ¢ can be estimated as l; = Lgyqp (11, 1) Where

stap(llalr) = (%max(lhlr) +Tf+7—c)/pf7 (1)

where 7 is the latency of ES, py is the probability of success
of ES, and 7, is the latency of classical communication. The
% factor comes from the fact that given two exponential
distributions with similar means p; = po the mean of the
maximum the two is ~ 3 max(1, pi2).

In the base case t = link(x;, x;), latency [, = m.
i Lj

Fidelity. The fidelity of EPs generated by an entanglement-
swapping tree can also be recursively computed as follows. If
t has only a leaf node link(z;, z;), then its fidelity is directly
taken from that link’s fidelity. Otherwise, let ¢ have a swap
node at its root with children [ and r. Let the fidelities of EPs
generated by [ and r be f; and f,, resp. Following [31], the
fidelity of EPs generated by t is Fy,qp(fi, fr) wWhere:

Ffwap(flafr) = i(l + %(4fl - 1)(4f7 - 1)) 2)

The above assumes noiseless swap operations. Noisy swap
operations can be easily modeled as in [31, 32]; but since it
does not change our technical development or algorithms, we
only show the simpler noise-free model here.

B. Incorporating Purification into Generation Schemes

Ensuring the fidelity of EPs and GHZ states is crucial since
they are used as the basis for other operations in distributed
computing. Entanglement Purification [30] is obtaining high-
fidelity EPs and GHZ states from multiple copies of lower-
fidelity states.

Purification of EP. Let ¢ (“target”) and s (“sacrificial”) be
two pairs of qubits with fidelities F; and F, with respect to
|®+). Purification [20, 30, 33] of ¢ using s succeeds with a
certain probability, leaving ¢ in a higher-fidelity state. When
purification fails, ¢ is discarded. Qubits in s are discarded at
the end, regardless of the operation’s success.

The fidelity of ¢, when the operation succeeds, and the
success probability are functions of the initial fidelity of ¢ and
s; we denote these functions by F),,,(Fi, Fs), and pyu(Fy, Fs),



respectively. For instance, the Bennett et al purification proto-
col [30] yields the following two definitions for the functions:

ppur(Ft,Eg) FtF +Ff(1 F) 1— Ft) !
+5(451) () 3)
1—Fy 1—
Fo(F ) = FE OS5 "

ppur(FtyFs)

It is easy to see that F,,(f:, fs) > f: when 0.5 < f, f; < 1.
The above definition of F),, and p,, assumes that the pu-
rification operations themselves are noiseless; incorporating
noise is straightforward, already shown in [20], does not add
to the technical development here, and hence is omitted. The
techniques developed in this work can be easily generalized
to other purification models and quantum channels.

Iterated Purification. The protocol by Deutsch er al. [33]
omits a depolarization step and results in better yield. Both [30,
33], when used for repeated purification, assume f; = fs,
thereby performing a balanced tree of purifications. The
“entanglement pumping” method of [20] builds a skewed
purification tree and reduces resource needs. Specifically, this
method iteratively purifies ¢ using identical copies of s. Let
Flur; denote the fidelity of ¢ at the end of the i-th step. Then:

1=10

i>0 )

. = fs
Fpuri(fs) _{ Fpur(Fpur,i-1(fs) f)

Let p,.r; denote the probability of success of the i-th step.

1 1 =0
ppm( puryi—1 (fs) f&) >0

III. Problem Definition

ppur,i(fs) = { (6)

In this section, we formally define the problems of optimal
generation of EPs and GHZ states using entanglement swap-
ping and purification operations.

A. EP Distribution with Purification

Purification-Augmented Swapping Tree. In the presence of
purification operations and the goal of establishing EPs of a
given fidelity, we generalize entanglement-swapping trees of
§II-A to purification-augmented swapping trees. In addition
to link and swap nodes, a purification-augmented swapping
tree may contain (unary) nodes of the form purify(z;, z;, k)
denoting a purification operation to generate an EP (x;,x;)
using k additional sacrificial copies. Since the purification
operation expects EP (xz;, x;), the child of a purify(z;, z;, k)
node may be any node that produces EP (z;,z;); and a
purify(x;,x;, k) may occur wherever EP (z;,x;) may be an
operand. See Fig. 2 is an example.

The calculation of generation latency follows from entangle-
ment swapping trees, with the following additional definition
that captures the impact of purification on latency. Let ¢ be a
tree with purify(z;, x;, k) as its root with ¢’ as its child. Let I,/
be the generation latency of ¢/, and f; be the fidelity of EPs

Root EPs
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Fig. 2. A purification-augmented swapping tree over a path. Binary internal
nodes perform entanglement swannine. and nnarv nodes do purification. The
leaves of the tree gei zenerate remote EPs.
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Fig. 3. Example level-based fusion structure. This “aggregates” of two
purification-augmented swapping trees. For illustration, the figure assumes that
a parent’s generation rate is 1/3 of the rate of its children for swapping and 1/2
for purification. The leaf node (zo,x1)’s generation rate of 36 units is “split”
into 9 and 27 for the two different (red and blue) swapping operations. The
two root nodes represent the final/target EP formed in two different ways—for
a total generation rate of 6 (3 from each swapping operation). Unary nodes
represent the results of purification operations.

generated by t’. Based on iterated purification, the latency of

t, ly = Lg(ly, fv) where L; is defined as:

l 1 =0

(Lioa(D+HH+Tp+Te) .
ppur,i—1(f) i>1

In the above, 7, and 7. are the latency of purification and
classical communication, and p,,,; is defined in Eqn. 6.

EP Distribution with Purification (EDP) Problem. Given a
quantum network (), a pair of nodes (s,d), and a required
fidelity threshold f, the EDP problem is to determine a
single purification-augmented swapping tree that maximizes
the generation rate (i.e., minimizes the expected generation
latency) of EPs (s,d) with fidelity no less than f. O

We now generalize the EDP problem to consider concurrent
swapping trees.

Level-Based Fusion Structure. To maximize the genera-
tion rate of EPs, multiple concurrent purification-augmented
swapping trees may be required to use all available network
resources. Since the number of such trees can be exponential,
we use a novel “aggregated” structure that aggregates multiple
(purification-augmented swapping) trees into one structure; we
refer to this as a level-based structure, as it is composed of
multiple levels—with each level consisting of EPs (as vertices)
created by swapping operations and purification operations
from the previous levels. See Fig. 3. The bottom level consists
of link EPs and each non-leaf EP S is formed by a swapping
operation or a purification operation of pairs of EPs (or one
EP) in the previous layers; however, there may be several such



operations that create S (in different ways). Each EP S may
also have multiple “parents” (unlike in a tree), i.e., an EP .S
may be used to create several EPs in the next layer; in such a
case, the generation rate of S is “split” across these operations.
Due to the operations from previous layers, each vertex/EP has
a resulting generation rate, estimated as discussed in III.

Generalized EDP (GEDP) Problem. Given a quantum network
Q, and a set A = {((s;,d;), fi)} of source-destination pairs,
along with the fidelity threshold for each pair, the GEDP
problem is to determine a level-based structure that generates
EPs with fidelity above the threshold over the giving pairs of
nodes with the optimal (highest) generation rate. ]

B. GHZ Distribution with Purification

GHZ states can be generated across network nodes using
fusion operations, fusing smaller GHZ states to get a larger
state. The fusion operations implicitly considered in our work
are the same as those used in [25]. The fidelity of GHZ states
can be increased using purification operations analogous to
that used for EPs. Consequently, we can define a “purification-
augmented fusion tree” to order the operations for generating
a distributed GHZ state. Latency and fidelity can be calculated
analogously as well.

The “GHZ Distribution with Purification (GDP) Problem”
is a direct generalization of the EDP problem to GHZ states.
“Generalized GDP (GGDP) Problem” generalizes this further
to obtain a version of the GEDP problem for GHZ states.

IV. Related Works

The seminal work of Diir et al [31] introduced repeater-
based quantum networks where entanglement swapping oper-
ations were interleaved with purification. That work considered
only a path and focused on placing repeater nodes to ensure a
balanced optimal tree of operations. Several network protocols
that followed considered on entanglement routing without
purification [21, 23, 28, 34, 35, e.g.]. Other works that include
purification for distributing EPs and GHZ states are elaborated
below.

Distribution of EP. A few studies have been conducted on
using purification in the distribution of EP. In particular, [36] is
the first to address end-to-end fidelity for remote EPs, identify-
ing the top k shortest paths between the source and destination.
For each path, they first perform purification operations to let
all the link EPs above a link fidelity threshold, then iteratively
purify the link most critical to end-to-end fidelity until the goal
end-to-end threshold is reached, and use linear programming to
allocate limited resources among different paths, maximizing
the number of entanglement connections. However, compared
to our work, they consider much simpler purification schemes:
using purification only at link EPs. We evaluate and compare
the above work with ours in §VII.

The works [37-42] consider purification only at the link-
level or top-level to make the fidelity above a threshold. Prior
works [43, 44] considered performing purification for the in-
termediate EPs generated while doing entanglement swapping
operations; however, they only discussed purification within

the context of balanced swapping trees. [43] uses Dijkstra’s
algorithm to find the shortest path without considering the
order of swap operations. [44] proposed a Dijkstra-like
algorithm that maintains a priority queue to find the shortest
path in a quantum network by gradually expanding paths from
the source node, prioritizing them based on the number of
hops and available resources, while ensuring that entanglement
fidelity requirements are met. However, their approach only
considered a balanced swapping tree and two basic purification
schemes: purifying at the link level and purifying to restore
the original fidelity of the new entangled pairs before swap-
ping. Finally, [45, 46] develop optimal purification “schedule”
over a given entanglement path, restricting themselves to
purification only for link-level EPs. They also develop an
approximation scheme for selecting an entanglement path
based on the designed purification scheme; we note that they
use the “synchronized” swapping model, vastly different from
our memory-assisted “waiting” model [23], which entails the
selection of swapping trees rather than just swapping paths.

Distribution of GHZ states. For GHZ states, most of the exist-
ing works only generate high fidelity GHZ states at the same
node [47-50]. [51, 52] explore the purification protocol space
of purifying a GHZ state with another GHZ state of smaller or
the same size and combine purification with the distribution of
GHZ states; their solutions only work on quantum networks
with specific simple topology.

V. Optimal Solutions to the EDP and GEDP Problems

In this section, we will begin by discussing the key chal-
lenges and basic idea to solving the EDP problem. Then, we
will introduce a dynamic programming algorithm to find the
optimal purification-augmented swapping tree.

A. Optimal DP Solution for the EDP Problem

The key challenge to solving the EDP problem is to structure
our search over the space of all purification-augmented swap-
ping trees to find the optimal one. The intermediate states in
this search will be trees with optimal generation rates for a
given pair of nodes (z,y) and fidelity f. To bound the set of
intermediate states to explore, we consider only a finite set of
discrete fidelity values F = {f1, fo,..., fn}. Thus, each tree
considered will be for fidelity of at least f;, for i = 1..n. With
discrete fidelity values, | f| means the largest d; < f.

DP Algorithm. Let T'(x,y, f) be a tree with the least latency
among all trees that generate EPs (z,y) with fidelity f or
more, and let L(z,y, f) be its latency. There are three cases:

1) The root of T'(x,y, f) is of the form swap(x,y, z). Then
the children of T'(z,y, f) are optimal for generating EP
(x,z) and EP (z, z) with fidelities of at least f; and f>
respectively, where f = | Fy,.y(f1, f2)] (Eqn. 2).

2) The root of T'(x,y, f) is of the form purify(z,y). Then
the child is optimal for generating EP (x,y) with fidelity
at least fi, where f = |F,.(f1, f1)| (Eqn. 5).

3) The root of T'(z,y, f) is of the form link(xz,y). Then
(z,y) is a link in the network with fidelity f or more.



Thus, the problem has the optimal substructure property—
the optimal solution to the problem uses optimal solutions
to sub-problems— thereby enabling a dynamic programming
solution. More formally, we can write the following recurrence
for L(z,y, f), the least latency as follows:

L(x,y, |_fJ) :min{lsvlpvll} (8

where [, [,, and [, are the least latency among trees with
swap, purify, and leaf at the root:

ls :lein(stap(L(m>nyl)vL(z7y’f2))) ©

where f = Fvwap(fla fQ)
and Ly, and Fj,,, are as defined in Eqns. 1 and 2

lp - rflel}’l{Lz(L(aj,yv fO)a Fpur,i(fO)) | Fpur,i(fO) Z f} (10)
where L; is defined in Eqn. 7
I = tareqyy if (2,y) € B(Q) and fid(z,y) > f (1)

In the above, py and p, denote the success rate of the
swapping and purification operations, resp., and 7., 7¢, and 7,
are the latency for classical transmission, swapping operation,
and purification operation, resp. We restrict each purification
to have a bounded number of iterations (parameter I, Eqn. 10).

Optimality. It is easy to show that the above-described DP
algorithm returns a purification-augmented swapping tree over
(s,d) with fidelity f or higher with minimum expected gener-
ation latency among all purification-augmented swapping trees
for given s, d, and f.

B. Optimal LP-based Solution to the GEDP Problem

In this section, we consider the GEDP problem and describe
a solution based on linear programming to generate an optimal
level-based structure (essentially, a collection of purification-
augmented swapping trees, as described in §III-A) that max-
imizes the generation rate of EPs with fidelity exceeding the
required threshold.

The Basic Idea. Given an instance of the GEDP problem,
we create a hypergraph, with hypervertices representing EPs
of certain fidelity between a pair of nodes, and hyperedges
representing transformation between hypervertices. We then
pose the optimization problem as a hypergraph flow problem
and formulate it in terms of linear programming. As in the DP
algorithm, we consider only a discrete set of fidelities F.

Hypergraph. Given a GEDP problem over a quantum network
@ and demand is A, we construct a hypergraph Hg Ao with
hypervertices V(Hg, a) and edges E(Hg a) as follows:

V(Hg,a) consists of:

1) Two distinguished vertices start and term
2) For each u,v € V(Q) and f € F, there are 4 hyper-
vertices representing EPs (u,v) of fidelity at least f,
produced using different operations:
a) swap(u,v, f): EPs produced by an entanglement swap
b) purify, (u,v, f): EPs purified using two EPs of same
fidelity

Legend

® Non-Terminal nodes
@ Terminal nodes

~ = Network Link
~ = = VirtualLink (remote EP)

X3 R ) X3

(a) (b)
Fig. 4. The first stage of the distribution of GHZ states: the generation of
virtual links between terminal nodes. (a) The quantum network and terminal
nodes of the GHZ state. (b) The virtual links generated for the star-graph
approach.

c) purifys(u,v, f): EPs purified using two EPs of differ-
ent fidelity

d) avail(u,v, f): a consolidation of EPs produced by
different means

E(Hg.a) consists of:
1) [Start]: representing the generation of link EPs.
o ({start}, {avail(u, v, fid(u,v))}), VY(u,v) € E(Q)
2) [Swap]: representing the entanglement swap operation.
o ({avail(u,w, f;),avail(w, v, f;)}, {swap(u, v, fr)})
Vu,v,w €V, fi, fj € F, fr = | Fowap(fi, 7))
o ({swap(u,v, )}, {avail(u,v, f)}), VYu,v eV, feF
3) [SelfPurify] representing purification using two copies of
EPs with same fidelity.
® ({avail(uv v, f)}v {punfyl (u7 v, f,)})
Vu,v € V(Q), f € F, f' = [Fpur(f, [)]
o ({purify, (u, v, )}, {avail(u,v, ), Va,v € V(Q)
4) [PurifyDistinct] representing purification using two of
EPs with different fidelity.
o ({avail(u,v, fi),avail(u,v, f;)}, {purify,(u,v, fx)})
fi, fi € D, fo = [Fpur(fi, fi)]
o ({purify,(u,v, )}, {avail(u,v, f)}), Yu,v eV, feF
5) [Term] representing the generation of target EPs above
the given fidelity threshold.
o ({avail(s,d, f)}, {term}), V(s,d, f) € A,
fleFstf'>f

LP Variables, Constraints & Optimization Objective.

o Variables: z., for each hyperarc e in H, represents the
EP generation rate at e’s tail.

o Flow Constraints, which vary with vertex types. Below,
we use out(v) and in(v) to represent outgoing and
incoming hyperedges from v.

— For each vertex v s.t. v = swap(+):
> uprz ),
ecin(v) e’ cout(v)

This accounts for the loss due to the failure of the swap
operation, and waiting for both EPs to arrive before the
operation.

— For each vertex v s.t. v = purify, (-):

D zrmz ),
ecin(v) e’ cout(v)

The two EPs in self-purification have to be generated
sequentially, hence the % factor. The rate loss due



to purification is factored in using p,, the success
probability of purification, which can be derived from
fidelities of the vertices in the tails of the incoming
hyperedges.

— For each vertex v s.t. v = purify,(-):

Z %Zepp > Z Ze!

ecin(v) e’ €out(v)

Here, p, models the rate loss due to purification, and
the % factor arises from waiting for both EPs to arrive
before the operation.

o Capacity Constraints: For all hyperedges e from start to
avail(u,v, f):
ze < rate(u,v), where rate is specified by the quantum
network graph Q.

o Objective: Maximize

ecin(term) Ze

Optimality. It is straightforward to establish that the above-
described LP formulation returns an optimal level-based struc-
ture over a set of source-destination pairs {(s;,d;)} with
minimum expected generation latency.

VI. Generating High-Fidelity GHZ States

There are two main challenges for extending our algorithms
to GHZ states. First, an n-GHZ state can be constructed by
fusing two smaller GHZ states (n1-GHZ and no-GHZ states
where n = n; + no — 1), the number of intermediate states
is exponential in the size of GHZ states. Second, an EP over
nodes (z;,x;) can only be purified by copies of the same
EP. In contrast, as explained below, an n-GHZ state can be
purified by copies of itself [53] or by a smaller-sized GHZ
state. This means that the construction may involve operations
over intermediate structures that were built using common
resources. Accounting for such shared resources leads to
solutions with greater time complexity.

Purification of GHZ states. There are several existing meth-
ods for purifying GHZ states and graph states [20, 53-55].
Most assume that the target and sacrificial states are of the
same size. They operate by comparing performing CNOT
on corresponding qubits in the two states, measuring the
sacrificial qubits, and succeeding if they are all identical. This
can be readily extended to the case where the sacrificial state
is a subset. Similar to EPs, we can define Fj,, and Fgyzp,, to
map the fidelity of operands of GHZ fusion and purification
operations, respectively, to their results. Details are omitted.

A. Optimal DP Solution to the GDP Problem

We begin with a simplified strategy inspired by the fact that
a GHZ state is locally equivalent to a star graph state. Then
we propose three approximate strategies based on assumptions
on the purification model, which greatly improves the time
complexity without a significant effect on the efficiency.

For all these solutions, we use the following two-stage
generation scheme [56]. In the first stage, we generate remote
EPs between the nodes in the GHZ state, treating this as an
instance of the GEDP problem (§V). In the second stage,

we perform fusion operations on these EPs to create the
distributed GHZ states, treating the remote EPs generated in
the first stage as virtual edges in a network.

Optimal DP Formulation: Assume after the generation of
remote EPs in the first stage, we can view the network
graph G as a star graph, G = (V, E), V = {v1,v9, ..., 05},
E = {ei12, €13, ..., €1}, each edge has a certain EP generation
rate k. with the same fidelity f.. The problem is to find
k., the maximum generation rate of n-GHZ state over nodes
(v1,va, ..., vy,), over a fidelity threshold F;. We assume that all
the errors contribute equally to the fidelity of the GHZ state.

We define the DP algorithm as a recurrence over
T(S,k;,ﬁ), where T represents the maximum fidelity of
GHZ state S that can be generated at rate & or higher, using a
vector of elementary EPs over the underlying star graph. Note
that unlike in §V, we formulate the recurrence in terms of
fidelity, which means that the rate parameters will be drawn
from a finite set of discrete values K = {k1, ko, ...}

At each step in generating one n—GHZ state, we do one of
the three operations:

o Fusion(T7, T5): Fusion of two GHZ states:

— —
T(Sl U SQ, I_%pka,Epl + EPQ)
—_— —_—
= F}u‘ve(T(Sla kv E-Pl)v T(S% kv EPQ))

o Self_purification(7}): Purification sacrificing an n-GHZ:
(S, | kppk|, EP) = Fozpu(T(S, k, ED))

o Subset_purification(T7, T»): Purification sacrificing a n’'-
GHZ with a subset, with S; C S:

e
T(S1, |2pyk], EPL + EP,)
— —
= FGHZpur(T(Sla k7EP1)>T(527 k7EP2))

The base case arises when S is an EP, k € IC, an ﬁ a
vector with k at S and 0 elsewhere. Then T'(S, k, EP) = fe.

In the above, py is the success probability of fusion, and p,
is the success rate of the purification operation.

Approximate DP Formulations: Since we have to keep track
of the shared resources, the time complexity of the optimal
DP formulation above is O(4|K]|)™), where n is the size of
the goal GHZ state. Note that the exponent n is not the size
of the network. The |[C|™ factor may be prohibitive, and we
introduce three approximations that abstract resource usage by
maintaining a single number instead of EP. This reduces the
time complexity to O(4™).

1) Same size purification (SS): Considers only fusion and
same-size purification operations.

2) One-time purification (OT): As in SS, consider a single
subset-purification between fusion operations. This con-
siders a larger solution space than SS, but has the same
time complexity.

3) EP-based purification (2G): Considers only fusion and
subset-purification where the subset is a 2-GHZ (EP).



B. Optimal LP-Based Solution to the GGDP Problem

Similar to the case of EPs in § V-B, we can build an
LP-based optimization framework for constructing an optimal
level-based fusion structure for generating a collection of GHZ
states exceeding given fidelity thresholds. We can construct a
similar hypergraph whose optimal flow represents an optimal
level-based structure. The non-trivial vertices of the hyper-
graph are of the form avail(S, f), fuse(S, f), purify,(S, f)
and purify,(S, f) where S represent a subset of the goal
GHZ state, and f is a discretized fidelity € F. Edges of the
hypergraph correspond to fusion and purification operations.
There are O(2"|F|) hypervertices, and O(4"|F|?) hyper-
edges. Solving the flow problem entails attaching a variable
to each hyperedge, constraining the flow at each node, and
representing capacity constraints.

VII. Evaluations

We evaluated the optimal solutions generated by our al-
gorithms and the protocols from existing works using the
quantum network simulator NetSquid [57].

Netsquid Protocol. We build our protocols on top of the
link-layer protocol of [58], delegated to continuously generate
EPs on a link at a desired rate. The key aspect of our
protocols is that a swapping or a fusion operation is done
only when both appropriate EPs or GHZ states have been
generated, and a purification operation is done only when
both appropriate target and sacrificial states are generated.
Swapping/fusion/purification operations were implemented to
transmit classical information to all relevant nodes upon
success. On failure, the qubits of the entanglement state are
discarded, allowing the protocols to generate new link EPs
from scratch. During the purification process, the sacrificial
state is consumed through measurements.

Simulation Setting. We generate random quantum networks
in a similar way as in the recent works [23, 34, 56]. By default,
we use a network spread over an area of 100km x 100km. We
use the Waxman model [59], used to create Internet topologies,
distribute the nodes, and create links. We vary the number of
nodes from 30 to 70 (the default is 50) and the edge density
from 0.05 to 0.2 with a default value of 0.1. For the distribution
of high-fidelity GHZ states, we vary the size of GHZ states
from 4 to 10 qubits (the default is 6), each qubit on different
terminal nodes. For each remote EP, we set the generation
rate to range from 10/s to 90/s (with a default of 50/s), as
determined by the first stage and used as the initial value for
the second stage. For EP generation, the fidelity of each link
EP is a random number between 0.7 and 0.95, the fidelity
threshold for goal EP state is 0.8, the same as the most similar
work [36]. For GHZ generation, the fidelity of each link EP is
set to 0.9, and the fidelity threshold for the goal GHZ state is
0.9. Each data point is for a 100-second simulation in NetSquid
for EP and GHZ generation.

Parameter Values. We use parameter values similar to the ones
used in [23, 28]. In particular, we use swapping/fusion proba-
bility of success (py) to be 0.4 and latency (7¢) to be 10 u secs;

in some plots, we vary py from 0.2 to 0.6. The atomic-BSM
probability of success (pp) and latency (73) always equal their
fusion counterparts py and 7;. The optical-BSM probability
of success (pop) 1s half of p,. For generating link-level EPs,
we use atom-photon generation times (7,) and probability of
success (pg) as 50 psec and 0.33, respectively. Finally, we
use photon transmission success probability as e~% (L) [28]
where L is the channel attenuation length (chosen as 20km
for optical fiber) and d is the distance between the nodes. In
NetSquid, we pick the depolarizing channel as our noise model
and set the depolarization rate as 0.01.

Prior Algorithms Compared. For comparison with prior
work, we implement two schemes for EP: a recent end-to-
end-fidelity-based scheme based on [36] (called E2E) and a
naive approach (called LP-Naive), and one naive scheme
for GHZ state (also called LP-Naive). E2E has three steps:
First, find the top ten shortest (fidelity-based weights) paths for
each pair of source and destination nodes; then, for each path,
purify all the links above a link fidelity threshold to guarantee
that the end-to-end is above the fidelity threshold, using the
right-deep swapping trees; finally, using linear programming to
allocate limited resources among different paths, maximizing
the generation rate. The LP-Naive scheme uses LP-based
methods to generate EPs or GHZ states, restricting purification
to the top level only. In LP-Naive, only the desired EPs or
GHZ states can serve as sacrificial states.

Our Algorithms. For the generation of EPs, we implement
the LP and DP schemes. To compare the results for multi-
ple source-destination pairs, we use a modified DP scheme
(called DP-Iterative), which first employs the original DP
method to identify a purification-augmented swapping tree. It
then removes the resources utilized by this tree and iteratively
applies the DP scheme to identify additional purification-
augmented swapping trees. For the generation of GHZ states,
we implement the LP scheme and the three DP-based approx-
imate schemes, DP—ss, DP-OT, and DP—-2G.

Evaluation Results. Figs.5-6 show the generation rates of
various schemes for EPs and GHZ states, as determined by
the NetSquid simulations of at least 100-second duration. In
particular, we vary one parameter at a time while keeping
the other parameters constant (to their default values). For the
generation of EPs, we observe that our LP scheme outperforms
the LP-Naive and E2E schemes nearly by a factor of three
in most cases. And, our DP scheme consistently outperforms
the LP-Naive and E2E schemes, even in cases where our DP
scheme only finds one purification-augmented swapping tree
while the LP-Naive and E2E schemes find multiple trees.
Fig. 7 shows the results for multiple source-destination
pairs, the generation rate of the LP-Naive and E2E schemes
are similar, and our DP scheme outperforms these two schemes
by more than 50%, our LP scheme outperforms these two
schemes by more than 100%. Fig. 8 shows the results varying
the fidelity for link EPs for 7 pairs of sources and destinations.
Our LP scheme still outperforms other schemes, and the per-
formance of LP-Naive is highly influenced by link fidelity,
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For the generation of GHZ states, we observe that our
LP scheme outperforms the LP-Naive scheme while our
DP-ss, DP-OT, and DP-2G result in a lower generation
rate. As the number of terminal nodes increases, the rate
of the LP-Naive scheme suddenly drops to zero, for the
following reason. When the GHZ state is sufficiently large,
we reach the top level after several fusions, but by this point,
the fidelity is so low that no purification can improve it. As
a result, the fidelity cannot exceed the required threshold, and

the generation rate will be zero.

Scalability of the algorithms. We ran DP and LP-based algo-
rithms on an AMD Ryzen 9 7950X3D CPU machine. We
observed that our DP-based scheme takes about 1 minute
for EPs to run for a 100-node network with low memory
use. This represents an acceptable performance for practical
use. The LP-based scheme can take several minutes to hours
and requires substantial memory on large networks. For GHZ
states, our DP—ss scheme takes about 4 minutes to run, with
low memory use, for a GHZ state of 7 terminal nodes. Our LP-
based scheme requires less time than our DP-based schemes,
but its memory usage increases rapidly. These schemes will re-
quire further optimization and/or parallelization when applied
to GHZ states with many terminal nodes.

VIII. Conclusions

We considered the problems of maximizing the generation
rate of distributed EPs and GHZ states that exceed a given fi-
delity threshold. Evaluations show that our algorithms provide
better solutions than existing protocols, and our algorithms are
feasible in practice. Our techniques can be readily generalized
to a “quantity model” such as [44] that considers the counts
of EPs instead of their rates. Our future work is focused on
incorporating the effect of time-dependent decoherence and on
the distribution of general graph states.
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